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ABSTRACT

In Chapter 2 it is shown how to construct infinitely
many conserved quantities for the classical non-linear
Schrodinger equation associated with an arbitrary Hermitian
symmetric space G/K. These quantities are non-local in
general, but include a series of local quantities as a special
case. Their Poisson bracket algebra is studied, and is found
to be a realization of the "half" Kac-Moody algebra k @ €[A],
consisting of polynomials in positive powers of a complex
parameter A which have coefficients in § (the Lie algebra of
K).

In Chapter 3 the construction is extended to provide a
realization of the Kac-Moody algebra k 8 c[x,x'l]. One can
then define auxiliary quantities to obtain the full algebra
g0 C[k,x—l]. This leads to the formal linearization of the
system.

In Chapter 4 the procedure isAgeneralized so as to
enable one to construct realizations of centre-free Kac-Moody
algebras as hierarchies of 1+1 dimensional classical dynamical
systems. The equations of motion (which are, in general,
non-local) have Hamiltonians which form realizations of the
same algebra. The Cartan subalgebra provides infinitely many
conserved quantities in involution, while a sub-class of the
step operators (which may be interpreted as generators of
translations in "internal dimensions") enable the systems to
be linearized. The systems can be regarded as having a ''gauge

symmetry" which includes momentum.
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CHAPTER 1: INTRODUCTORY REMARKS



A classical (conservative) Hamiltonian system with n
degrees of freedom and Poisson bracket { , } is called
completely integrable if there exist n mutually involutive

conserved quantities Ij; i.e.

2,1, = {H,1

g sh=o0 1<j<n (1)

=0 1<3,k<n (2)

Under these conditions one can (in principle) perform a
transformation to new canonical variables Ij’ ¢j
("action-angle" variables). The Hamiltonian will be

expressible in terms of the Ij variables alone, and so the

Hamiltonian equations for ¢j can be integrated to give

]

¢5() = ¢(0) + (6H/61j)t (3)

and the system can be solved by transforming back to the
original dynamical variables. Systems of this type have the
maximum possible degree of constraint, and can be thought of
as the opposite of totally disordered (ergodic) systems.

The concept first arose in the nineteenth century,
particularly in the work of Jacobi, who investigated the case
of geodesic motion on an ellipsoid, and other systems [1].
The integration of the equations (by "quadratures'") gave rise
to the theory of elliptic functions. It should be noted that
even if the quantities Ij are not in involution, it may still
be possible to obtain action-angle variables and solve the

system; for example, the six conserved quantities in the



Kepler problem have a Poisson bracket algebra isomorphic to
S0(4) [2]. The action-angle variables for this system are of
importance in celestial mechanics, and also played a role in
the development of atomic theory. Some authors only require
the existence of action-angle variables for a system to be
called completely integrable.

Until quite recently, few cases were known of non-linear
systems which are integrable, but during the last twenty years
it has become apparent that a wide range of physically
interesting examples do exist. Many of these are (one
dimensional) field theories; i.e. there are infinitely many
conserved quantities.

The modern study of integrable systems could be said to
have been initiated (fortuitously) in a computer experiment of
Fermi, Pasta, and Ulam [3] on the behaviour of one dimensional
lattices (a line of masses linked by "springs'") with linear
nearest-neighbour interactions which are subject to a
nonlinear perturbation. For purely linear interactions, the
energy in each normal mode will remain constant in time. One
would expect the perturbation (which introduces non-linear
coupling between the modes) to give rise to ergodic motion
(i.e. the energy eventually becomes evenly distributed between
the modes). Surprisingly the behaviour of the lattice was in
fact found to be periodic! If the non-linear perturbation is
quadratic, then one can, with certain approximations,
transform the equation of motion for a lattice particle in the

continuum 1limit to the Korteweg-de Vries (KdV) equation:

+ + =
ut auux uxxx 0 (4)
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(see e.g. [4]). Eq. (4) can be regarded as the generic example
of a system which is weakly dispersive and-weakly non-linear.
It was used by Korteweg and de Vries [5] as a model for water

waves in a shallow channel. A solution of (4) is
u = sechz(xx + kst) (5)

This is a localised "hump" which maintains its shape as it
propagates. (The first observation in nature of a wave of this
form was made by Russell in 1834 on the Union Canal near
Edinburgh). In the lattice experiment, momentum was being
transferred along the chain in localized "packets'". This was
the first indication that the KdV equation is integrable.

Further numerical studies were carried out by Zabusky and
Kruskal [6], who found more "solitary wave" solutions, and
discovered that these had the remarkable property that when
they passed through each other they only underwent a change of
phase. They named these waves '"solitons", to reflect their
particle-1like behaviour.

The complete analytical solution of the KdV equation was
carried out by Gardner et al in 1967 [7]. They showed that if

u is a solution then the Schrodinger equation

by ~ UG = M (6)
has time independent eigenvalues. Then the problem was reduced
to that of reconstructing a "potential" u for the Schrodinger
equation given a set of scattering data (boundary conditions).

This problem had previously been solved by Gel'fand and



- 11 -

Levitan [8]. Because of the connection with scattering theory,
the method of solution is known as "inverse scattering". One
consequence of the method'was that it provided a construction
for infinitely many conserved quantities, which indicated that
the KdV equation can be regarded as an integrable field
theory.

It was shown by Lax [9] that the feature underlying the
inverse scattering method is the representation of the KdV
equation in the form

3, L = [L,A] (7)

t

,ees)e By

substituting other "Lax pairs" L,A into (7), one could obtain

for operators L,A which depend on (x,ax,bxx
(and solve) other systems. The solution of the system is
possible because the '"scattering data'" evolves linearly. This
is reminiscent of the transformation to action-angle variables
mentioned earlier. It has been shown by Zakharov and Faddeev
[10] that they are in fact related.

Another important reformulation of the method was
introduced by Zakharov and Shabat (ZS) [11], who considered
the non-linear Schrodinger equation

lag = age - 2 a|%a” (8)

which arises (e.g. in optics) when there is weak non-linearity
and strong dispersion. They observed that (8) can be written
as

D AL — DA+ [Ax, At] =0 (9)



where
*
A2 q
A =i - (10)
-q -A/2
* * *
2?72 - a'q -Aq  + iq,
A, = -i o " (11)
rq + iq rA7/2 +aq

(notice that the parameter A does not appear in the equation
of motion). The representation (9) was used by Ablowitz et al
(AKNS) [12] to solve a wide class of systems. It is the
ZS/AKNS representation which will be used (and further
generalized) in this thesis, rather than the operator
formalism of Lax.

Eq. (9) can be regarded as a '"zero-curvature condition"

for "gauge potentials" (Ax’ A, ), and is invariant under a

t
"gauge transformation'"; i.e. if w is any 2x2 unimodular matrix
and

-1

-1
= +
ap w Auw w (auw) (12)

then

d.a,_ - d,a_+ [ax, a,] =0 (13)

x t t 7 x t]

and (13) is a new representation for the equation of motion.
This fact enables one to construct the conserved quantities in
a simple way, by choosing w to be an infinite polynomial in
powers of A (with matrix coefficients) such that ag and a, are

diagonal. Then



da, -—2d,a_ =0 (14)

and the coefficients of powers of A in ag are conserved

currents, i.e. if at is expressed in terms of fields at a

point (and their derivatives) then

atfax =0 (15)

(using integration by parts). More generally, if (Ax’At) are
polynomials in powers of A with coefficients in a Lie algebra
g, then one wishes to find a group valued element w such that
a s a, belong to a Cartan subalgebra of g This has been
carried out for the non-linear ¢ model in [13], and the Toda
system in [14].

The ''gauge symmetry" of these systems suggests a link
with high energy physics; indeed, the Toda equation arises in
the theory of magnetic monopoles [15], and the self dual Yang
Mills gauge theory has been shown to possess an infinite class
of conserved quantities [16]. Of greatest interest, however,
is the possibility of a connection with string theory. It has
recently been observed that the work of several Japanese
authors [17] on the completely integrable Kadomtsev-
Petviashvili equation is of relevance in string theory, and
this may lead one to wonder whether integrability may be a
fundamental natural principle.

The starting point for the work presented here was an
attempt to construct (in the manner of [14]) the conserved
quantities associated with a matrix generalization of (8) due

to Fordy and Kulish [18]:
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. @ _ o« B y 6% a
lqt-qxxiqqq Rﬁ‘Y"&

(16)
(summation implied over repeated indices, and

a s .
eeRpy-s = [eB[ey, e_s1]), which is here called the

"generalized non-linear Schrodinger" (GNLS) equation. The Ax

potential is of the form

A = AE + A_ (17)

g=k®Om (18)
[k,m]em  [mm]ck (19)

A~ is a matrix field which lies in m, and E is a special

element such that
k = {geg: [E,g] = 0} (20)

and (adE)2 = -1 on m. Ax given by (17) is a generalization of
the potential (10), and one can look for the corresponding
generalization of (11) by solving the zero curvature

condition, i.e. (following [18]), choose

2 (2
a, = 2288+ all) 4 (0 (21)

and substitute Ax’At into



- 15 -

d A, - 0d.A + [Ax,At] =0 (22)
Now equate coefficients of powers of A. For xs one obtains

(£, (%] =0 (23)
i.e. Aiz)é.g, and kz gives

3,482 + [B, a{P] + [a2, a{®] =0 (24)

Using (19) to split this into 5 and m components this becomes

), _

6x(At ) =0 (25)
(£, alP] + (42, al®7 =0 (26)
(2)

i.e. At is a constant element of k, and one can obtain

m
(a1~ from (26). Then, from the coefticient of At

k m
(1)~ 0 (1)~ =
3, (Ac7)T + [y, (A7) =0 (27)
s (A(® 4 [k, a(®] + [0 (A(l))g] =0 (28)
x7t R x’ t
1) % 0.2
One obtains (Aé ) from (27), and (At ) from (28). The

coefficient of KO gives

k m
2,a8%)% + [42, a{)"] = 0 (29)

m k
2,42 =5 _al9)~ + [49, "7 (30)



- 16 -

' k
(Aéo))~ is found from (29), and the corresponding equation of

motion is given by (30).

If one chooses Aéz) = E then the solution can be reduced

to

2 0 0 01,0
A, =2°E + aA_ + [E, 2. A ] + 1/2[A [A_, E]] (31)

Writing Ag = -q“ea + qa*e_a, the corresponding equation of

motion is (16). For a general choice of Aéz), however, A, is

t
non—-local (the general solution of (27) is

(1).% 0 1) .2
(A7) = -ffmdx[Ax, (Aé )y ]), and the equation of motion is
a mixed integro-differential equation.

Instead of choosing A, to be a polynomial of order two,

t

one can solve (22) to find A, as a polynomial to any order N

t
in positive powers of A. One finds in the same way that the
coefficients of degree less than N-1 are, in general,
non-local. The equations of motion form a "hierarchy"
associated with Ax given by (17), each labelled by (N,k) (the

order of A and the choice of Aéz)). The GNLS equation is

t’
labelled (2,E). Now, an observed feature of 2x2 ZS-type
systems is that the Hamiltonians of such hierarchies are
conserved quantities for any equation of motion in the
hierarchy, and this suggests that the GNLS equation may have
non-local conserved quantities (which do not arise in the 2x2
case, since k is one dimensional and one must choose Aiz)
proportional to E). One can construct a non-local gauge

transformation which takes Ax’ A, into the Cartan subalgebra,

t
but then the equation (14), being non-local, may no longer be
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interpreted as a continuity equation. So the problem which
will first be considered, in Chapters 2 and 3, is the
construction of Hamiltonians for the hierarchy of equations of
motion associated with (17), and the derivation of their
Poisson bracket algebra. This will motivate a general approach
to integrable systems associated with zero curvature

representations, which is presented in Chapter 4.
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CHAPTER 2: LOCAL AND NON-LOCAL CONSERVED QUANTITIES FOR

GENERALIZED NON-LINEAR SCHRODINGER EQUATIONS.
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1. INTRODUCTION.

Fordy and Kulish [1] have considered a class of
non-linear partial differential equations, each associated
with an Hermitian symmetric space G/K, which are of the form

.o _ e _ By 8% a
igy = azy -~ aa'a Rg 4 (1.1)

where summation is implied over repeated indices. qa(x,t) are
fields in one space dimension whose label a denotes a root of
g (the Lie algebra of G) such that the step operator ea does
not lie in 5 (the Lie algebra of K). R is the '"curvature

tensor" defined by

a -
e Ray-5 = [egle, e ]] (1.2)

A special case of (1.1), corresponding to G=SU(2), is

the non-linear Schrodinger (NLS) equation

iqt = Q.. * 2‘q|2q (1.3)

Equation (1.1) will be referred to as the Generalized
non-linear Schrodinger (GNLS) equation associated with G/K.
The NLS equation is known to have infinitely many conserved
quantities which are local (in the sense that the currents are
expressed only in terms of the fields q(x,t), q*(x,t) and
their derivatives at a point), and are in involution (i.e.

their Poisson bracket algebra is abelian). The aim of this
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paper is to construct the algebra of conserved quantities for
the GNLS equation.

The existence of such quantities is related to the fact
that the equation of motion can b; expressed as a '"'zero
curvature condition"
=0 (1.4)

Fxt = [ax+Ax’at+At]

where Ax’ A, are Lie algebra valued polynomials in a

t
parameter A € € (the '"spectral parameter") which does not
appear in the equation of motion. Equation (1.4) is the

consistency condition for the coupled pair of linear

equations
Qx + Ax@ =0 (1.5a)
@t + At@‘= 0 (1.5b)

For the NLS equation, Ax and At are 2x2 matrices, and
it is fairly easy to construct the group element & (the
"monodromy matrix"). The logarithm of its diagonal elements
can be expanded in powers of A to give conserved quantities
[2].

It is shown in [1] that the GNLS equation is associated

with the pair

_ 0

AL = A\E + A, (1.6a)
0 0 0r,0

A, = A2E + MA_ + [E,0 Al] + 1/2[Aa [A-,E]] (1.6b)
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where E is a special constant element which commutes with any

element of k, satisfying

[E,ea] = -ie_ for all « (1.7)
and

0. _.« a¥*

Ax = -qe, + q e_, (1.8)

For algebras of rank greater than one, the monodromy
matrix (which is a path ordered exponential) becomes difficult
to work with. It is then more convenient to use the algebraic
properties of the zero curvature condition (1.4), in

particular its invariance under a gauge transformation

Ax-> a = w-lew + w—lwxg ' (1.9a)

-1 -1
T 2= W Atw + w Wy (1.9b)

where w € G. The new pair ax, at are associated with the same

equation of motion as the pair A_, A Olive and Turok [3]

't.
have used this invariance to study the Toda equation. In that

case it is possible to construct w so that Az, 2, € h, the

Cartan subalgebra. w takes the form

w = expz-_ A Yo (1.10)
n=1 n

and is local. Then ax and a, are descending power series, and

t
the zero curvature condition becomes
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(1.11)

which implies that the coefficients of arbitrary powers of A

are conserved currents.

In attempting to apply this method to the GNLS

equation, one encounters the problem that the
transformation which takes Ax and At into the
subalgebra is now non-local, so that equation
longer be interpreted as a conservation law.

discuss non-local conserved quantities, it is

investigate the Poisson bracket algebra.

gauge
Cartan

(1.11) can no
In order to

necessary to

Consider first the Hamiltonian of the GNLS equation.

Using (1.7) and (1.8) one finds

0

0 a_a*
Tr([E,A,]a,A))

. a_a¥ .
19 q¢ - 19,9

*

(1.12)

If qa, qa are regarded as canonical variables, then

differentiation of both sides of (1.12) with respect to qa,

*k
qa gives Hamilton's equations

*
ag = 3H/2q”

*
q: = -3H/2q”

where

H « ifTr([E,Ag]atAg)

(1.132)

(1.13b)

(1.14)

(the proportionality sign is used because there is actually a
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constraint which must be taken into account).

Now, the equation of motion can be read off from the

zero curvature condition (1.4) as the coefficient of ko:

0 _ 0 o ,0
3, A, =0 AL+ [Ax,At] (1.15)

where Ag is the coefficient of A® in (1.6b). In this way one

obtains an explicit expression for H in terms of the fields

*
qa, qa and their derivatives.

It was shown in [1] that instead of considering A given

by (1.6b), one can look for
A, = 1n_A"al (1.16)

by substituting into the zero curvature condition (1.4) and

equating coefficients of kn to zero. The coefficient of the

highest power of A, i.e. Aﬁ, is left undetermined, but must be

a constant element of k. When A§=E, the resulting expression

for At is local, but for a general element A§=k € k, one finds

that At is non-local. AN(k) will denote At having the

leading term ka.

Each possible choice of AN(k) will give rise to a
different equation of motion, given by the coefficient of AO

in the zero curvature condition:

0o _ 0 0.0
aN,kAx = axAN(k) + [Ax’AN(k)] (1.17)
The collection of operators will be regarded as

N,k
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independent evolution operators defining infinitely many
"times". When N=2 and k=E, AN(k) is given by (1.6b), and so
az,E is the GNLS evolution operator. For a fixed value of k
one has a hierarchy of equations of motion labelled by N>O.
When k=E this will be referred to as the "GNLS hierarchy".

For each equation of motion (1.17), one can obtain its
Hamiltonian in the form (1.14). The Hamiltonian for the
equation arising from the pair Ax’ AN(k) will be denoted by
HN(k). It will be seen that HN(k) is non-local in general,
but the Hamiltonians HN(E) of the GNLS hierarchy are local.
Furthermore, the entire collection of HN(k) will turn out to
be conserved quantities for the GNLS equation. To show this
it is necessary to construct the Poisson bracket algebra of
the Hamiltonians, and this is done by considering the

commutation relations of the evolution operators 3 One

N,k°’

first has to find closed expressions for 3 and AN(k)

N,k
(the method used in [1] of solving the zero curvature
condition gives the coefficients of AN(k) recursively). This
is where the gauge invariance property proves useful. It

turns out that a non-local transformation of the form (1.10)

can be constructed so that

A_>» a_= AE (1.18)

The zero curvature condition will then be satisfied by

)
]
>
w
m

ay(k) (1.19)

where N>0 and k € k is constant. Now the gauge transformation
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(1.9b) is inverted to obtain

»
|
€
®
2
e
w
A4
€

n
>
€
e
€

(1.20)

If A, is chosen to have only positive powers of A then

one can equate coefficients to obtain

N N-n -1
AL = I oM (vko ) = Ay(k) (1.21)

1

(where wkw = Z:=Ox-n(mkw_1) ). Also, one finds that the

n
coefficient of l-l in (1.20) gives

A] = -[E, (wko (1.22)

1

IN+1]

which is the equation of motion associated with AN(k) in
closed form. This will be used to derive the main result of

this paper;

0

0 _
[aN,k ’ aM,J']Ax = aN+M,[k,j]AX (1.23)

for all N,M>0, k,j € k. In other words, the evolution
operators form "half" of a Kac-Moody algebra (since N and M
take only positive values). Equation (1.23) will be used,
together with the Jacobi identity, to establish the final

result

{Hy (k) Hy (3} = Hy, [k, 3]) (1.24)
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which states that the Hamiltonians have the same '"Kac-Moody"
algebraic structure under the Poisson bracket. In particular,

one has
{Hy(k),Hy(E)} = 0 (1.25)

This means that the entire collection of Hamiltonians are
conserved quantities for the GNLS equation.

In Section 2 it will be shown how the gauge
transformation w is constructed in terms of the field
variables qa, qa*. The solution of the zero curvature
condition to give AN(k) and aN,k in closed form will be
discussed in Section 3. In Section 4 the Hamiltonians and
their Poisson bracket algebra will be considered, and it will
be shown in Section 5 that HN(E) is local for all N. Finally,
in Section‘s, the results obtained will be compared with the

work of Olive and Turok, and possible generalizations to other

systems will be discussed.

2. CONSTRUCTION OF w.

Let G/K be an Hermitian symmetric space, where k (the
Lie algebra of K) is the centralizer of E and g (the Lie

algebra of G) decomposes as

g=k®On (2.1)

The step operators of the Cartan-Weyl basis of g which lie in
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k are denoted by Latin letters (ea), while those which lie in
m are denoted by Greek letters (ea). The set of positive

+
roots whose step operators lie in m is called 6 .
It is explained in the Appendix that E satisfies the

property

[E,ea] = I('e(x (202)

where ¢k is a constant for all a € e+. E will be chosen so

that
¢ = -i (2.3)
Now, following [1], define
A, = AE + Ag | (2.4)
where
20 = -q%_ +qe_ em (2.5)
The main object of interest is the ''zero curvature
condition"

o
"

[a_+A_,d, +A
X X

¢ t] =0 (2.6)

xt

where At is a polynomial in A with coefficients in g- The

only restriction on At is that the resulting equation of
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motion for the fields qa(x,t) implied by (2.6) must be

independent of A.

Equation (2.6) is invariant under a '"gauge

transformation"

w-lAuw + m-lbuw L= (X,t) (2.7)

A
p” 3
where w(A;x,t) € G. In other words

[ax+ax,at+at] =0 (2.8)
Equation (2.8) is associated with the same equation of motion
as (2.6). However, it may be possible to find a
transformation such that a.p is independent of the fields qa,
qa*. In that case, the equation of motion is implied by the
transformation (2.7) with p=t, which can be thought of as an
equation of motion for w. Such a transformation will, in
fact, prove to be very useful in what follows. Notice that Ax
and At can be thought of as elements of the "loop algebra"
g® C[x,k—l] (where c[x,x'l] is the algebra of Laurent
polynomials in the complex variable A). It is therefore
natural to consider w as an element of the '"loop group". It
will be chosen to have the form

w = exp2:=17\-nwn (v € 8) (2.9)
This is the type of gauge transformation used in [3] in

connection with the Toda equation. By expanding (2.9) as a

power series in A one obtains the identities:
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-1 n r -1
(w TAw) _ =T __,(-1) " (r!) "z ] _ w eeofw, ,A]...]]]
“n r=1 (ki.zki—n)[“kl[ k2[ [ k,
(2.10a)
-1 _ .n -1
(wAw )n = Er=1(r!) z(ki:Eki=n)[wk1[wk2['"[mkr’A]"']}]
(2.10b)
(m_lwu)n =
n r+l -1
Lamg (F1)7 (D) E(ki:2k1=n)[mk1[°"[wkr-1’a“wkr]"°]]
(2.11a)
(wpw_l)n =
n -1
To_q(r!) TT, o = cee ,d cee
r=1(T}) (ki.zki—n)[”kl[“kz[ [“kr_l uwkr] 11]

(2.11b)

These can then be used to write ax (2.7) as a power series:

© -n_n
+
AE zn=ox ax

®
I

AE + {Ag - [wl,E]}

1 %)

+ A —[wz,E] + 1/2[w1[w1,E]] - [ml,Ax

+ axwl}

+ 272{ ~[ug,E] + 1/2[w[w,,E]] + 1/2[wylw,,E]]

- 1/6[0;[w [0y B]1] - [0y,8%] + 1/2[6,[0;,40]]

+

dgwg = 1/2[wy,00y] } + ... (2.12)
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It will now be shown that it is possible to construct w so

that

a_ = \E (2.13)
One can see from (2.12) that ag =0 if
[w,,E] = A2 (2.14)
1 *

X

Using (A.8) and (2.3), this implies

= iqaea + iq% e (2.15)

where wI denotes the component of wy in m. Now consider a;.

The commutation relations (A.14) can be used to equate the k

and m components to zero:

1.k n k
(ag)” = 1/2[w1[w1,E]] [wl,Ax] +o 0] =0
k o
i.e. 2 0] = 1/2[w],A ] (2.16)
using (2.14), and
m - k k

1 0

m
(ax)~ = -[wz,E] + 1/2[wI[w1,E]] - [wI,Ax] + awa

=0
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m k
[0,,E] = 3_u] - 1/2[w],A2] (2.17)

k
using (2.14) again. Notice that (2.16) determines w;

non-locally:

k
w] = 1/2871[a0[a0,E]] (2.18)

while (2.17) gives

m

wy = -5 A% + 1/2[E[a%,572[a%[40,E]]]] (2.19)

For a general term ai (n>1) one has

a§ = -[mn+1,E] + 1/2[m1[wn,E]] + 1/2[wn[w1,E]] —[wn,Ag]

+ ban + (terms involving w, (2.20)

J(n)

This can be split up into k and m components and equated to

zero to obtain

m o m m o o
- -1/2[03 (1] - 1/2[up[0g,E]] + [a..A0)

+ (terms involving wj(n) (2.21)
k m k m K o
[wpe1 Bl = 1/2[w][0],E]] + 1/2[w [w],E]] - [w) A, ]
Y
+ axmn + (terms involving wj(n) (2.22)

k m
So for each n the requirement a=0 determines wp and wp4j.
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m
In [3], only the condition (ai)"=o is imposed, so that

k -
m;is left undetermined and can be chosen to be zero to all

orders. This gauge transformation will be denoted w. The

first few terms are obtained from (2.12) as follows:

[wl,E] = Ag i.e. wy = [E,Ag] (2.23)
[wy,E] = 3w, i.e. wy = -3 AD (2.24)
[wg,E] = -1/6[w [w,[w,,E]]] + 1/2[wl[w1,A2]] + 3 W,

i.e. wg = 1/3[E[w1[w1,Ag]]] = 3% (2.25)

and so on. Notice that, unlike w, w is local to all orders.

3. SOLUTION OF THE ZERO CURVATURE CONDITION.

One wishes to find A, such that the zero curvature

t
condition (2.6) is satisfied with Ax given by (2.4). As in

[1], A, will be assumed to be of the form

A, = z§=0an2 (3.1)
Consider the gauge transformed potentials

a, = w—lew + w-lwx = AE (3.2a)

a, =0 A+ lu (3.2b)
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where w is the gauge transformation constructed in Section 2.
One can see from the identities (2.10a), (2.11la) that at is a

descending power series of the form

a, =\ a + so0 + ao + l-lal + oo (3.3)
t t
Now substitute (3.2a), (3.3) into the zero curvature

condition

0_.a

x2t ~ %3¢ t [ax’at] =0 (3.4)

and equate powers of A to zero:

N+1, =Ny _ . -N
»viot: [E,a] =0 i.e. a, €k (3.5)
N -N 1-N
A p 2, + [E,a,C ]=o0 (3.6)
Split this into parts in k and m to obtain the result that a-N
t
is a constant and at-Nve.g. Continuing in this way one finds
that all of the coefficients of a.t are constant elements of k.
One can choose
a, = \'k (3.7)
Now invert the transformation (3.2b)
At = watw_l - wtw_l
= ANuke™! - wtw-l (3.8)
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Since W 1 has only negative powers of A, and At is chosen to

have no negative powers, it follows that

N B (wke 1)

Ay = Zh=0

% (3.9)

N-n

where (wkm_l)m denotes the coefficient of p-m in m(u)kw—l(u).

By (2.10b), A, given by (3.9) has xNk as its highest order

t
term. Since N and k are arbitrary, the notation AN(k) will be
used for the object defined by (3.9).

Turning now to the negative powers of A in (3.8), one
can equate coefficients to obtain

= (wkw (3.10)

(mtw ) 1)N+n

n
for all n>1. The derivative with respect to t corresponds to
the equation of motion arising from AN(k). For each choice of
N or k there will be a different equation of motion, and so

the evolution operator 3, associated with AN(k) will be

t
The collection of these operators can be

denoted aN,k'
thought of as describing the evolution of the fields with
respect to infinitely many independent time variables.

In this notation, (3.10) becomes

-1 -
(oy g@ dp = (wko Y gen (3.11)

for all n>1, N>0. 1In particular, choose n=1. Then, using

(2.11b)

_ -1
aN’kwl = (wkw )N+1 (3.12)
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By (2.15), this implies

iq* = (ko 1)® (3.132)
N,k N+1 -

1q®* = (uko 1)@ (3.13b)
N,k N+1

ta is the coefficient of €,y in mkw-l. Equations

where (wkm_l)
(3.13) give the equation of motion corresponding to the pair
Ax’ AN(k). (One can check them directly from the zero
curvature condition (2.6), using (2.4) and (3.9)).

Consistency of (3.13a) and (3.13b) requires the restriction to

the compact real form of g [1], which means that k must be of

the form
; %
k' = -kt (3.14a)
a*x_ -a
k3 = -k (3.14b)

(where k = klh.+kae +k e .
i a

)

4. POISSON BRACKET ALGEBRA.

The algebra of the evolution operators will now be
investigated. This will allow the construction of the Poisson
bracket algebra of the Hamiltonians for the equations of
motion (3.13).

Recall equation (3.12), and act on both sides with the

evolution operator 3 (M>0, J € k) to obtain

M,J
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_ -1
bM’jaN’kml = am,j(mkw )N+l

-1 -1
([wM’jm y WKw ])N+1

N -1 -1
Zp=ol (b 50 Dyegap » (Wke ]

- <N -1 -1
= 2ol (@ie Dyynegop » (ke )] (4.1)
(Use has been made of (3.11) and the identity

..1 _
3, (eXg ) = [gug

-1 - -1
, gX¢g 1] + gang Vg G, X €g)

The same calculation with (M,j) and (N,k) interchanged leads

to

_ JN+M+1 -1 . -1
[aN,k ’ bM:j]wl = 2q=0 [(mkw )N+M+1"q ’ ’(OJJOJ )q]

([wkm—l,ij-l]

)N+M+1

1]

(ol 5107 gy

O, [k,3]%1 (4.2)

using (3.12). In particular, (2.14) enables one to write

A% 0

oy, 3185 = On+M, [k, 3] (4.3)

[°N,k ’

for all N,M>0, k,j € k.
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Equation (4.3) states that the evolution operators form
an algebra isomorphic to k, ® c[r]. k. denotes the compact
real form of k (this distinction is necessary because of the
consistency condition (3.14)) and C[A] denotes the algebré of
Laurent polynomials in positive powers of A. The algebra
defined by (4.3) can be thought of as "half" of a Kac-Moody
algebra [4].

Now define the Poisson bracket between two functions A

and B as
(A,B} = prdz(2A/0q"(2).2B/2q" (2)-3B/2q%(2).24/0q% (2)) (4.4)

(arguments, delta functions etc. will subsequently be
suppressed for clarity). The Hamiltonian HN(k) for the
equation of motion (3.13) associated with AN(k) is defined by
the relation

aN,kAg = {Ag;HN(k)} (4.5)

(the Poisson bracket between an element of g, such as Ag, and
a function, such as HN(k)’ is of course well defined).

Definition (4.4) is equivalent to Hamilton's equations:

q® = oHy (k)/0q" (4.62)
N,k

a* a
a = -3Hg(k)/3q 4.6D)
N,k & (

Equations (4.3) and (4.5) can be used to rewrite the

Jacobi identity
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(a2 (B (k) , Hy ()} +{Hy (k) {Hy (3), A0} b+ {Hy (5) (A2, Hy () }} = 0

(4.7)
in the form
(a2 {By (), By (D1} = [oy i » 2y, 345
=aN+M,[k,j]Ag
(2,0, ([k, 3]} (4.8)
which implies that
(Hy(6) Hy (D} = Hyy([K,3]) + CF’ (4.9)

where Cﬁ:ﬁ is a constant. Equation (4.9) states that the
Poisson bracket algebra is the "half" Kac-Moody algebra with
central extension. In fact, the central term can always be
maée to disappear by a suitable re-definition of the
generators [5]. (In the present case, this is simply a
reflection of the fact that the Hamiltonians are only defined
up to a constant). For the case j=E, it is easy to check

k,E

using the Jacobi identity that CN M vanishes identically. 1In
s

particular, this means that

{Hg(k),H (E)} = 0 (4.10)

where H2(E) is the GNLS Hamiltonian. Therefore one can

consider the entire collection of Hamiltonians HN(k) to be
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conserved quantities for the GNLS equation.
It only remains to find the explicit form of HN(k).
First, put k=E and N=0 in (3.13):

[
0,E

14

iq" = [v,,E]® = —q (4.11)

using (2.10b) and (2.14). It is then clear from (4.6) that

Hy(E) = ifq%q®" (4.12)

(summation implied). Now use (4.10), (4.5) to deduce

*
a o
0

ay xlaa = (4.13)
It follows that
* * * *
f@a%a® -q% q%) = -2[a" " = 2f{q* q° (4.14)
N,k N,k N,k N,k
Next, use (3.12) to write
0 -1 _ 0
]Tr(Axwkw IN+1 = fTr(Abe,kwl)
* *
= [(-iq%"q® + iq® q*) (4.15)
N,k N,k
Then use (4.14) and differentiate:
. * 0 -1
qg,k = -i/23/2q" fTr(Axwkm IN+1 (4.162a)
a¥* . 0 -1
ay x = 1/26/aqafTr(Axwkw ) N+1 (4.16b
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Comparing these with (4.6), one can choose

(4.17)

Hy(k) = =1/2/Tr(A0uke™ ),y

5. THE GNLS HIERARCHY.

It is clear from the construction of w in Section 2

that the operators 3 give rise, in general, to non-local

N,k
equations of motion (with non-local Hamiltonians). What is,
perhaps, rather surprising is that for k=E the equations of
motion (the GNLS hierarchy) are all local. To show this, the
objects AN(E), HN(E) and aN,E will here be reconstructed in
terms of local quantities.

Consider the gauge transformation w which takes Ax into

3o

1 1

-n ~n
L A a (5.1)

A>a_ =w
X v 1 X

x Axw +w =\NE + I _
It was shown in Section 2 that this is a local gauge

transformation. Now, as in Section 3, one wishes to find Zt

such that the zero curvature condition
0 8y — dia . + [ax,at] =0 (5.2)
is satisfied, where Et has the general form

~ N~=N ~0 -1~1
ar = Aag t ... tap +t N apto.., (5.3)
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Substitute (5.1) and (5.3) into (5.2), and equate

ients of powers of A:

N+

N: ~= ~=(N-1
A d a2, *+ [E, t( )] =0 (5.5)
i.e. E;(N-l)e,g and EEN is a constant. Choose §;N=E.
N-1 ~=(N-1 ~=(N-2 ~1 ~=N
AT aa t( ) 4+ [E,at( )]+ [ag.a, ] =0 (5.6)
Again, split this into parts in m and k to find at(N 2)
and
N-1 ~=N ~1
axat( ) - (2, ,a;] (5.7)
Since §;N=E, and 3; € k, this becomes
EQ(N_l) = constant ] (5.8)
Choose at(N- )'0 and continue in the same fashion. one finds
that Et can be chosen to have the form
_.N © -n~n
a, = ME + 3z 4\ Tay (5.9)

£V (5.10)
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and equate positive powers of A to obtain

A, = ZN

n -1
.11
t = Zn=0* (VE¥ yp (5.11)

This has leading term ANE, and is equal to AN(E) as given by

(3.9) with k=E (and the constants of integration set to zero).

It immediately follows that

(5.12)

to all orders. One can deduce from this that the equations of
motion (3.13) and Hamiltonians (4.17) become local for k=E.
Notice, incidentally, that the equation of motion cannot be

read off from the coefficient of A L in (5.10), since Ei is

non-zero. One can, however, obtain it from the zero curvature

condition:

0 _ 0 o ,0
0, AL = 2, A  + [A,,A]]

1

= ([wxw-l,wEw_l])N + [Ag,(WEW- )N]
= —([XE,wEw-l])N (since [EX»E] = 0)
= -[E, (wEv 1), ] (5.13)

Finally, the Hamiltonians HN(E) will be calculated for
N=0,1,2. One uses (2.23), (2.24), (2.25) to obtain

1

Tr(AgwEw— )y = Tr(Ag[wl,E]) = Tr(AgAg) (5.14)
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Tr(AgwEw-l)z = Tr(Ag{[wz,E] + 1/2[w [w,,E]]})

= Tr(Ag[wz,E]) (since [wylw;.E]]l e k)

= Tr(E[axAg,Ag]) (5.15)
Tr(AJwEW 1), = Tr(Ad([wg,E] + 1/6[w,[w,[w;,E]]1]))

(only terms in m contribute)
0 0 0r,0 2
= -Tr(AxaxxAx) - 1/2Tr([Ax[Ax,E]] ) (5.186)

One can work these out explicitly in terms of the fields qa,

*
qa (see Appendix I) to find

*
Hy(E) = ifq"q" , (5.17)
* *
Hy(B) = 1/2faga® - q"ag (5.18)
* * *
Hz(E) = ifq;q; + qa qsqué RgY'é (5.19)

(integration by parts has been used in (5.19)). (5.17) and
(5.18) are straightforward generalizations of the "particle
number" and "momentum" of the NLS equation [2]. (5.19) gives
the Hamiltonian of the GNLS equation.

One can also check the expressions for AN(E) and aN,E'

For example, from (5.13)
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0 -1
39 ghx = -([E,wEw D

= [E, » Ag - 1/2[w1[w1,A2]]] ‘ (5.20)

XX

In terms of the fields this becomes

a a B y 6% a
iq =q - qaqq R, _ (5.21a)
2,E XX By—==6
. a¥ a* B* y* §,-a
-iq =q.,, -4 qa qR_g_ (5.21b)
2,E XX B—yd

as expected. The calculation of A2(E) is as follows:

2
n=0

n -1
Ay (E) I AN(WEW Dnon

A%E + A[w,,E] + [wy,E] + 1/2[w,[w,,E]]

2 0 0 0,0
AME + AAL + [E,0 A ] + 1/2[A [A,E]] (5.22)

(using (2.23), (2.24)). This is in agreement with (1.6b).
Of course, equation (5.11) ensures that the same
results would be obtained if w were used instead of w,

although the calculation is more complicated.

6. DISCUSSION.

The GNLS equation has two important special cases. As
was mentioned earlier, the familiar non-linear Schrodinger

equation corresponds to g=su(2). In that case, k is the one
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dimensional Cartan subalgebra, so that any element of k is a
scalar multiple of E. Consequently only the local series of
charges exists. The GNLS equation associated with
SU(n+1)/(U(1) x SU(n)) is known as the vector non-linear
Schrvdinger equation, and has arisen (like the NLS equation)
in non-linear optics [6]. Non-local charges will exist for
n>2. It would be interesting to find out whether such
quantities could have any physical significance.

A major step in the construction of HN(k) was to find a
general form for AN(k). For k=E, the same expression can, in
fact, be found using the P-operator method of Olive and Turok
[3] (the P-operator in the present case is the Casimir
operator for g G)g [1]) although the conditions they assume no
longer hold (i.e. E is not regular).

As a generalization of the system considered here, one

could begin with a trivial solution of the zero curvature

condition:
a_ = 2PX (6.1a)
X
a, = ANa (6.1b)

where A, A are constants and [A,A]=0. One then finds AL, Ay

as series in positive powers of A using the inverse gauge

transformation
A = pa w - ww (6.2)
B B

Those coefficients 0 which remain undetermined by the
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requirement that (6.2) be consistent can be considered as

m
dynamical fields (for the GNLS case this was “I)’ This will

be discussed further in a subsequent paper. The evolution
operators will obey the same "half" Kac-Moody algebra, but the
precise form of the Hamiltonians will depend on the structure
of Ax' It is anticipated that a generalization of the

P-operator method will be applicable.
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APPENDIX.

Some results are given here concerning Lie algebras and
symmetric spaces. Further details can be found in, e.g.,
[7].

The Cartan-Weyl basis {hi,er: h;eh, r e 3} of a
complex semi-simple Lie algebra g, with Cartan subalgebra E,
satisfies the following relations (where & is the set of roots

and r € & can be positive or negative):

[hi,hj] =0 (A.1la)
[hl,er] =r.e. (A.1b)
i

tﬁ_e h, where summation over i is implied, then
[H,er] = H'rye = H.re, (A.1c)

The dot is used to indicate summation over Cartan subalgebra

indices).

[er,e_r] = r.h (A.1d)
If r+ -s then
(A.le)

where Nr S=0 if r+s is not a root. One can check the useful

’

identities:
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Nr,s= -N—r,-s= —s,-r= S,-r-s (A.2)
The b?SiS is scaled so that

Tr(hihj) = 5ij (A.3a)

Tr(ere_s) = 5rs (A.3b)

Tr(hier) =0 (A.3c)

From now on, r,s,... will denote only positive roots.
For any element A € g define the '"centralizer" C(A) of

A by
c(a) = {B< g: [A,B]=0} : (A.4)

An element H € E is called regular if C(H)=E.

Let E € g be an element with the property that for any
(positive) root r, E.r is either zero or takes a constant
value k. (Such an element does not always exist - for example
E8 does not possess one). Now define the set e+ of roots

which satisfy
E.a = « (A.5)

for all o = e*. Denoting by ¢+ the set of positive roots, and

defining 87z o*-0%, then

E.a =0 (A.6)
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for all a € 5+. The Greek letters a,B,y,... will always
+

denote elements of 6 , and the Latin letters a,b,c,... will
-+

denote elements of 6 .

-+
C(E) is a subalgebra spanned by {hi,e h; €h,a € 8 },

+a*
which will be denoted by k. Then

g=kO®n (A.7)

where m, the orthogonal complement of k, is a subspace spanned

by {e,,: « € e+}. Notice that [E,A] € m for any element A

g. Also

m
[E[E,A]] = «%a” (A.8)

m
where A" is the component of A in m. The Jacobi identity

implies the uséful special cases:
[[E,m]k] = [E[m,k]] for all m €m, k € k (A.9)
[[E,my]m,] = [[E,my]m;] for all my, m, e m (A.10)
From the definition of E one deduces the following:
[ea,eB] = [e_ ,e_B] =0 (A.11)
[ea,e_s] €k (A.12)

ata €07 (if it is a root) (A.13)
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Then
(k.k] c k& [k,m]cm [m,m] c k (A.14)

i.e. g is a "symmetric algebra" and G/K is a symmetric space.

The curvature tensor is defined as

Rygrpry = [Crql®rpreyy]] (4.15)

The identity (A.11) implies

Rypy = Rgogoy = O (A.16)

while (A.12), (A.13) give

=5

Rop—y =1o : (A.17)

etc. In fact, the symmetric spaces constructed in the way
described above are '"Hermitian'", and the curvature tensor

satisfies

¢ 4

(R -B-vd

= R (A.18)

« %
By-5)

Finally, it is useful to give the commutator for two

general elements of g. Writing the components as

- a -a a -a
A A.h + A e, * A e, +A e, t A e_, (A.19)

then
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a.—-a

[a,B] = (A%B *

- A728%j)a.n + (A"B7% - A"%B%)e.h

+ (A.aB® - A%B.a + APB*ON_ o+ ATPBON_
’ ’

+ A% atay + A"agatay e
-a,a -a,-a’ a

a b,-a-b -b,-a+b

(A™®B.a - A.aB"2 + APB N, , +A B N
’

+

a,-b

+ A®B™ %72y + AT%B*T3y Ye
a,a a,-a’ -a

+

a _ a=-BnLPB Bra—PB
(A.aB A"B.a + A B Na,-B + A"B N—a,B)ea

(A" *B.a - A.aB ©

-+

+ aBTop7By + A PgPray Ye
-a a,~pg’ ~a

» B

(A.20)
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CHAPTER 3: KAC-MOODY SYMMETRY OF GENERALIZED NON-LINEAR

SCHRODINGER EQUATIONS



- 57 -

1. INTRODUCTION

This is a continuation of the work presented in [1],
in which it was shown how to construct conserved quantities
for the generalized non-linear Schrodinger (GNLS) equation
of Fordy and Kulish [2]:

. 5* a
iaf = af, * a’a"a° "Ry, _, (1.1)

(summation is implied over repeated indices) which is
associated with a Lie algebra g = k ®m. q(x,t) is a
matrix field in 1+1 dimensions whose components lie in m, and
k is the centralizer of a special Cartan subalgebra element E

~

satisfying the property
[E,ea] = -ie_ (1.2)

for all e, € m (where o is positive). This means that the

algebra g is '"symmetric", i.e.

?

(k.k] Ck [k,m] Cm [m,m] Cck (1.3)

The curvature tensor R has components in m defined by

e.Rg s = [egle e (1] (1.4)

Y

Equation (1.1) can be written as a zero-curvature condition

0 A, — 3. A+ [Ax,At] =0 (1.5)
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where

_ 0 ’
A, = \E + A_ (1.6a)
.2 0 0 0,0
A, = 2"E + AL+ [E,0 A ] + 1/2[A [AL,E]] (1.6b)
and
0 _ _ «a R
A, = —a'e, - q e_, (1.7)

The component form of (1.5) is

L« B vy =6 a
lqy = Qg * a"a'a Ry g (1.8a)
~iq;% = g + q‘Bq‘Yq5R:g_Y5 (1.8b)

- *
The choices q ¢ = tqa correspond to the restriction to the

non-compact (+) or compact (-) real forms of g, and lead to
equation (1.1) with a plus or minus sign.

One can find other values of At as a polynomial in A
such that the new equation of motion (1.5), with AX given by

(1.6a), is still independent of A. Each such At is

associated, via (1.5), with an evolution operator 3 It was

't'
shown in [1] that when A, is a polynomial in positive powers

only, the collection of evolution operators can be labelled

0 where k € k and N is a positive integer, and that they

N,k’
have the commutation relation

[aM,J’aN,k] = OM+N, [ j,k] VM,N > 05,k €k (1.9)
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In this paper, the case will be considered when At is a

polynomial in negative powers of A. This will lead to the

construction of evolution operators O_N .k such that
’

[am’j,an,k] = nen, [3,k] Vm,n €2; j,ke k  (1.10)

The complete collection of operators 3 provides a

N,k
realization of the Kac-Moody algebra k & c[x,x"l], where
c[x,x'l] is the algebra of Laurent polynomials in the complex

variable A. The parameters (tN,k) are thought of as
infinitely many independent "time" variables.

In [1] it was shown how to construct a group element of

the form
= expZ._,A " 1.11
w Pon=1 “n (1.11)
defined by
AwEw L - mxw_l = AE + Ag (1.12)

Under the gauge transformation

-1 -1 _
Ax > W Axm + w we = AE (1.13a)
A, » o A0 + 0 te, = a (1.13b)
t t t t *
where At is unknown, the zero curvature condition (1.5)

becomes



- 60 -

32, * [AE,a_, ] =0 (1.14)

t]

This equation can be satisfied by choosing

a, = Ak (1.15)

where N is a positive integer and k € k is constant. The

transformation (1.13b) is inverted to obtain

N -1 -1
At = A wkw - wew (1.16)

If At is chosen to have no negative powers of A, themn it is

determined uniquely by (1.16) as the positive power part of
wakw—l, while the action of at on w is determined by the

negative power part. At and at defined in this way are

denoted AN(k), ) Equating coefficients of powers of A

N,k’
in (1.16) one obtains

N n -1
Ag(k) = £ N (wko g o (1.17a)
1y o (eke”t (1.17b
(wN’kw dp = (wke ) . )

where (...)n denotes the coefficient of A~ 2. The relation

(1.9) follows from the definition (1.17b).

Now suppose that one chooses
= A 'k (1.18)

as a solution to (1.14). Then the inverse gauge
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transformation (1.13b) gives

-N -1 -1
A_N(k) = A wkow - m_N’kw (1.19)

which does not determine A_N(k). For example, if N>1 then

the coefficient of A T in (1.19) is

1
AZy(k) = =3_y oy (1.20)

One can think of (1.19) as defining the action of a—N,k on w
in terms of the as yet undetermined A_N(k). To find A_N(k) as
a polynomial in negative powers of A, one would like to have
an equation like (1.19) in which w is replaced by a group

element which contains only non-negative powers of A, i.e. one

would like to find w of the form

~ [--] n~
w = expzn=0k Wy (1.21)
such that one can perform the transformation
A, » o la s+ o, = AR (1.22
x W Twg «22a)
A, » 37 a s + 3715 = a (1.22b)
t t t t
+
Then one can again consider the solutions a, = x‘Nk for
(1.14). For the case A k, the inverse transformation
(1.22b) gives
_ =N~ ~-1 ~ ~=1
A_N(k) = N wkw - m_N,kw (1.23)
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which enables one to obtain A_N(k) and the action of a_N K
2

on v, by equating coefficients of powers of A. The case

ka defines the action of aN x °On ®w in terms of AN(k)
]

(1.17a). To construct w, one writes it in the form

e
n

o0 (1.24)
where ¢ is independent of A, and

— o n
Q = expzn=1x Q (1.25)

n
It will be shown in Section 2 that equation (1.22a) determines
Q to all orders in terms of the auxiliary field ¢. In Section
3 the commutation relations of the evolution operators atN,k
will be investigated, which will show them to form a
realization of a Kac-Moody algebra. The class of operators
can be extended by allowing the algebra element to be an
arbitrary element of g, rather than just of k. 1In Section 4
the Hamiltonians for the operators 3, are considered.

*N,g

Their Poisson bracket algebra provides a realization of the
']

Kac-Moody algebra g ® m[x,x" ® Cc. In Section 5 it is shown

that the formal sum of Hamiltonians for the operators a+N e
tN,e,

can be used to linearize the system. The interpretation of

these operators is discussed in Section 6.

2. CONSTRUCTION OF &

Let » be an element of the Lie group G, of the form
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¢ (2.1)

el
1]

where ¢ is independent of A, and

A0 (2.2)

Q = exp £n=1 n

Now fix w by choosing

~ ~=1 ~ ~=1
AwEw - ww = Ax (2.3)

where Ax is given by (1.6a); i.e.

AE + Ag = x¢QEQ’1¢'1 - ¢9x9'1¢—1 - ¢x¢-1 (2.4)

Equating coefficients of powers of xo, one can see that

Ay = 4yt (2.5)
Notice that ¢ is the group element which arises in the
transformation between the GNLS system and the generalized
Heisenberg ferromagnet [2]. (This will be explained more
fully in Section 6). The A-dependent part of (2.4) becomes

-1 -1 _ -1

AQEQ - Q.9 = A} "E¢ (2.6)

Now, by expanding (2.2) as a power series in A, one can obtain

the identities
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n 1

Epog ()"

) . = [Q [Q [...[Q » 0 R ]"']]]
ki.zki n k1 k2 kr-l x kr

(2.7b)

where (...)n denotes the coefficient of xn. Use these to

equate coefficients of xn in (2.6):

1, e _ -1
A 0.0, =E - ¢ E¢
2. 3.9, + 1/2[Q,,2_0,] = [24,E]
: x*2 1°9%9x%1 1’

ie. 0, =1/23"1([E,07 (4" E¢)] + x[E,¢ ' E¢]
+ (o7 B0, 07 (" B0 ) (2.8b)

and so on. In general one has

-1
(g0 "), = (QEQ "), _4 (2.9)

for all n>1, and so 3 Q@ is determined in terms of @ , . In
X n m<n
this way, Q is determined to all orders non-locally in terms

of ¢.
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3. THE EVOLUTION OPERATORS

Recall the zero curvature condition

3_A_ -2
.

¢ At [Ax,At] =0 (3.1)

where Ax is given by (1.6a) and At is unknown. Consider

the gauge transformation

>
¥
€
>
1]
+
€
|

€

I

AE (3.2a)

=
ct
¥
e
o>
ct
€
+
€
|
€
ct
"

a, (3.2b)

where w is the group element defined by (1.12), of the

form

w = exp2:=lk-nmn. Under the transformation (3.2), the zero

curvature condition (3.1) becomes

d + [xE,at] =0 (3.3)

xat
One can choose the solutions

a, = A IV (3.4)

for (3.3) (where N is a positive integer). Then (3.2b) can

be inverted to obtain

kaw-l - w w-l (3.5a)

Ag(k) = 2 Nk
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_ -1
w = A " wkw - A_N(k) (3.5b)
where AN(k) is chosen to be a polynomial in non-negative

powers of A, while A_N(k) is a polynomial in negative

powers. Equation (3.5a) defines AN(k) and the action of

aN Kk on w, while (3.5b) is regarded as defining the action
?
of d on w in terms of A _(k), which is still
-N,k -N
undetermined.

Now consider the gauge transformation (3.2) with w
replaced by @ as constructed in Section 2. Then, from the

definition (2.3),

Ax > W Axw tow e, = AE (3.6a)
A > oA e 3l = a (3.6b)
t t ¢ = 2¢ .

where At is considered unknown. The zero curvature condition

again takes the form (3.3), and the solutions (3.4) can be
used to invert (3.6b) to give

o |
Ayn(k) =\ Twko T = w_y g (3.74d)

~ o~ Ne, ~=1
Gy g8 = M oks T = Ap(k) (3.7b)

Equation (3.7a) defines A_N(k) as the negative power part of
x-Nng_l, and defines G_N’ka-l as the positive power part.

Equation (3.7b) defines the action of oy , on ® in terms of

AN(k), which was defined by the positive power part of (3.5a).

Explicitly, one has
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N n -1 N n.n
Ag(k) = £ _ N (wko Dy_p = I b Ag(K) (3.8a)
( "1y o (uke™? (3.8b)
On,k® O = (K@ Dnen .

(from (3.5a)), where (f(w))n denotes the coefficient of A D oin

f(w),
_ N -n -1 -1 _ _N -n,n
A_N(k) = zn=1x ¢ (QkQ )N-n¢ = zn=lx A_N(k) (3.9a)
-1 _ -1
(Q—N,kg )n = (QkQ )N+n (3.9b)

for N>0 (from (3.7a), using (2.1)), where (f(Q))n denotes the

coefficient of A2 in £(Q),

-1 -1
oy kb = ~AY(K) = -(eko D)y (YN > 0) (3.10a)
-1 -1
¢0,k¢ = ¢k¢ -k (3.10b)
(from the coefficient of xo in (3.7b), using (2.1) and
(3-83)) ’
-1 -1 -1
boy, kb T = e(ekQ )ye (YN > 0) (3.11)

(from the coefficient of KO in (3.7a)). Lastly, (3.5b) and

(3.7b) become

-1 N, -1 N - -1 -1

R N "eeke ) ¢ (VN > 0) (3.12a)
1 N, o-1 N -1 -1

Qg (@ = Aeke T - Eaoq AT (wko ) N-n¥ (VN > 0) (3.12b)
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-1 -1

QO,kQ = QkQ -k (3.12¢)
(using (3.9a), (3.8a) and (3.10)).

Notice that (3.8b) implies

-1 -1 -1

(wl,E“’ = (wEw )n+1 = (wxw )n (3.13)
(by (1.12)), i.e.

al,E =9 (3.14)
and so, by (3.10a),

-1 -1 _ _A0
b b “(wEw 7)q = -AL (3.15)

(using (1.12) again). This is consistent with (2.5). Now, w

satisfies identities like (2.7), where (...)n is taken to

denote the coefficient of x'n, so that (from (3.15))

and

I

[y, k91 -E]
[(wN’kw_l)l,E] (using (2.7b))
[(wkm-l)N+1,E] (from (3.8b)) (3.16a)
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-1

= [(uy go )1,E] (using (2.7b))

= [(wko 1)y, .E] (from (3.8b)) ~ (3.16a)
and

0 —
3_n,khx = [3_y, x¥1sE]
= [E.AiN(k)] (from the coefficient
of 71 in (3.5b))
i.e. -2 (.o 1y = [E,ocaxe™t 4 3.16b
e e _N,k X - ’d’( Q )N“l(b ( . )

(by (3.9a) and (2.5)). Equations (3.16) are the equations
of motion corresponding to AtN(k)' (one could also obtain
them by substitution of (3.8a), (3.9a) in (3.1)).

The commutation properties of the evolution
operators will now be investigated. Recall equations
(3.5):

Wy kw-l = ankw—l - An(k) Vllé L, k €k (3.17)

(or alternatively use 5, i.e. equations (3.7)) and consider

the identity

-1 -1 -1
([bn’k,bm’j]w)w = an,k(wm,jm ) - am,J(wn,kw )

(3.18)
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for all m,n € I, k,j € k. Using (3.17), one has

-1

d w ) = xm[xnwkw-l - An(k),wjm—l] -3, kAp(d)  (3.19)

n,k(mm,j

One finds that (3.18) becomes
([0 r0m, 3]w)u " = oy jAn(K) = 0, LAn(I)
- (A (), A ()] + A" o[k, 3]u”] (3.20)

and so (using (3.17) to rewrite the last term in (3.20))

one can deduce that the relation

[an’k,am’j] = °n+m,[k,j] (3.21)
is equivalent to the condition
dn kAn(3) By A 00 + [A (0),A (D] = A (k3] (3.22)

which must now be verified using (3.8a) and (3.92). One needs
to consider separately the cases where n,m are of the same or
different sign. Suppose they are of different sign, i.e.

n =N (20) and m = -M (£0), and suppose (N-M)>0. Split

(3.22) into coefficients of A P and A% (where p,q>0):

i
o

oy, Aoy (3) + [Ay(k),A (D]} (3.23a)

oy, ANCK) + [Ay(k),A_y (D], = AF_y([k,3]) (3.23b)
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Using (3.8a) and (3.%9a), the left side of equation (3.23a)

becomes

1 -1 1

- -1 -1 -1 -
Loy kb r0c@ie )y o ]+ el(ley (0 030 ])y ¢

- - -1 -1
+ Sp_ ol (wko Dy, (030 Dy o]

- - - -1
= 2P (ko™ g he@3a Ty o]

1 A1

) (using (3.10))

M-p -
* Ipap ¢l (A

as required (using (3.12b) and noting that r < N). The left

side of (3.23b) becomes

- -1 - -a. .
_([w-M,jw 1»‘”1‘“" ])N-q + Zg:(clﬁ-l[(wkw l)N_r:AEMq(J)]
- (w[k,j]w'l)N_M_q (using (3.92), (3.12a))

Ay (k3]

as required (using (3.8a)). The calculation for (N-M)<O
proceeds along similar lines, noting that for this case
AN_M([k,j]) has the form (3.9a). One can also check the cases
where n,m in (3.22) are of the same sign. (The case n,m >0
was considered in [1]). Having verified (3.22), one can
conclude, from (3.21), that the evolution operators ?

+N,k
provide a realization of the Kac-Moody algebra k & c[x,x'l].
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Notice that (3.22) is a generalization of the zero
curvature condition (3.1). Putting (n,k) = (1,E) and

recalling (3.14), equation (3.22) becomes
2, A3 ~ 3 A+ [A LA ()] =0 Vmeiz, jek (3.24)

A less illuminating (but quicker) method of obtaining
(3.21) to use ¢ in place of w in (3.18). For example, using

(3.10), (3.11) and equatiomns (3.5), (3.7) one obtains
([0 o0y 1¢)e "
N,k’"-M,j
N . —1 =1 -1 -1
= Tpopl(uio Dy - Q32 Dy b, (vko D]

M
r=1

1

v i _efake ™)~ o Meke Dy e,y JeTh (3.25)

If (N-M)>0 then (3.25) becomes

-1 N-M 1

Zs=0

([ON’k’a—M,j]¢)¢ [(ij—l)N_M_s’(wkw_ )S]

]

-(w[k,j]w—l)N_M

_ -1
YN-M, [k, 3]¢

(3.26)
with a similar result for (N-M)<0. One can also check the

equal sign cases in the same fashion.

The evolution operators » can be extended in the

+N,k
obvious way, simply by replacing k by a general constant

element g ¢ g, i.e.
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_,n -1 -1 _ be el o~ el
An(g) = N\ wgw Oy g¥ A wgw Wp, g
Vonez, geg (3.27)

One can then verify in the same way as earlier the equation

d3n gAm(m) = 2 pAp(e) + [Ap(e),Ap()] = A ([g,0])
Vo,m ez, g,h € g (3.28)

which is equivalent to the condition

[an’g,am,h] = °n+m,[g,h] (3.29)

and so one obtains a realization of the Kac-Moody algebra

g ® ¢[r,A"1]. Notice that for m € m the quantities A,y (m) do
not satisfy the zero curvature condition, which is why they
where not obtained in the original construction (where one
sought solutions of (3.1)), and so the parameters (*N,m)
cannot be regarded as true "times'". Their interpretation will

be discussed later.

4. HAMILTONIANS

The Hamiltonians Hn(g) for the operators an g are

deined by

o, £ = {£,H (&)} (4.1)
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where f is any function, and the Poisson bracket is given by
{£3,25} = gldz(o2,/0q " (2).08,/0a" (2)
- 3%, /3q%(2).28,/0q "(2)) (4.2)
Hamilton's equations take the form
® = -oH_(g)/0q " (4.3a)
3, ga = oH (g)/2q” (4.3Db)

Now, the Jacobi identity, together with (4.1) and
(3.29), implies that (for any function f)

{(e{H (e), B (m)}} = 2, .0, p]f

= an+m,[g,h]f _
= {£,5_, ([e,nD} Yomesz, gheg (4.4)
and so
(H,(e), Hy(m)} = Hy, ([,n]) + B0 (4.5)
where Ci:; is a constant. Since the Hamiltonians are only

defined up to addition of constants, it is possible to

arrange for the Poisson bracket to take the form [ 3]
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([g:h]) + nd é

2, -ng,n® (4.6)

{H (e),H (b))} = H
where ¢ is a constant; i.e. the Hamiltonians provide a
realization of the centrally extendéd algebra

g ® c[x,x'l] ® Cc.

The Hamiltonian of the GNLS equation is HZ(E)’ so
equation (4.6) implies that HtN(k) are conserved quantities
for the GNLS equation, except for H—Z(E) if c#0. Notice also
that (4.6) and (4.1) imply

atN,kHO(E) =0 VN’Z 0, kek (4.7)

and one can use (3.16a) (with N = 0, k = E) to deduce that
Ho(E) = -ifq%q " (4.8)

(summation implied). Next, observe that

- ax ~x

fTr(E[A = if(ay g0 - a'a, )

= zijq“n’gq'“ = -2ijq;fgq“ (4.9)

if g € 5 (using (4.7),(4.8)). Differentiation of (4.9)

a

with respect to qi gives Hamilton's equations (4.3), so

that one can use (3.16) to write

. 0o -1
Hy(g) = -ia[Tr(A wge Jy,uq (4.102)

1

H_o(8) = iaITr(A2¢(QgQ—1)N_1¢- ) (4.10Db)
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where a = 1/2 if g ¢k, and a =1 if g € m.

5. LINEARIZATION

For step operators € a € m, define the formal power

series

r,0) = o A"y (e, )

n=-o

1f1r(a(ene, 0717t - we, w™h)) (5.1)
(by (4.10)). Then (4.6) and (1.2) imply

oy, Blsq (M) = {Toe (V)L HYE)} = £ia¥r, (1) (5.2)

and so F+a(k) linearizes the equations of motion of the

GNLS hierarchy.
Using the cyclic property of the trace, (5.1) can be

written as

Fye ) = 1f(@ 07 2% - (w TAdw)®%) (5.3)

where (X)+a denotes the € component of X. Now, the
restriction to the compact or non-compact form corresponds

to

(X)% = ()7 (5.4)
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so that

* © @  -n=1 -m-1
(ro0,rga} = 72z AT T o (fee g (5.5)

- *
when q ¢ = zq“ . Also

{r,(),rg(w}t =0 (5.6)

(since (1.2) implies that [ea,eﬂ] = 0). Equation (5.5)

shows that the transformation
q > T (5.7)

is not canonical.

6. DISCUSSION

Recalling equation (3.14), one notes the following

special cases of (3.29):
(05000 ] = © Vnez, ke k (6.1a)

[ax,an,e+ ] = 13140 e Vn ez, e,,€ I (6.1b)
ta ta

The parameters (n,k) could be regarded as "time" variables,
but (n,e+a) cannot. Transformations which do not commute with
translations are regarded, in the context of gauge theories,

as "internal symmetries" [4]. The mutually commuting class
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{an’e } can be thought of as the basis of an "internal space".
a
It is the generator of translations in this space (Pa) which
linearizes the GNLS system. It should be noted, however, that
what one is really considering is the phase space of the
system. The construction seems, in fact, to be a
generalization of the conventional approach to the SU(2)
non-linear Schrodinger equation [5], where one considers the
so-called '"monodromy matrix" whose diagonal elements give rise
to conserved quantities, while the off-diagonal elements lead
to the linearization of the system.

The use of the gauge transformation w is similar to the
method used by Olive and Turok for deriving the conserved
quantities of the Toda equation [6]. In that case, a
A-independent local gauge transformation was composed with a
local transformation of the form (1.25) so that the
transformed gauge potential was a series belonging to k. 1In
the present case, as was mentioned earlier, the A—independeﬁt
element ¢ is associated with the generalized Heisenberg
ferromagnet (GHF) [2]. Consider the transformation

1

A, > K=o TAe + ¢ e, = ne TE (6.2a)

1

=

~ _ - -1

1 1

x2¢' E¢ + G

0]
Ax¢ (6.2b)

(by (3.10)) and define

s = ¢ B¢ (6.3)



- 79 -

Then
-1 -1 -1,,0
0,8 = ¢ [E, 0.0 "]o = ¢ "[A;,E]0 (6.4)
and so
_ -1 0 _ -1,0
[s,sx] = ¢ [E[ALLE]]e = ¢ A e (6.5)

i.e the transformed gauge potentials are

>
n

AS . (6.6a)

2
A°s + al[s,s_] (6.6Db)

>t
]

and the zero curvature condition becomes the GHF equation

2,8 = [s,s (6.7)

xx]
The conserved quantities which have been constructed
for the GNLS system are non-local, because of the non-locality
of the gauge transformations used to construct them.
Non-local conserved quantities were constructed for the
non-linear o-model in [7], and it was shown in [8] that these
are associated with infinitesimal transformations which form a
centre-free Kac-Moody algebra. However, the charges
themselves do not form an algebra [9], and the Kac-Moody
symmetry is interpreted as a property of the solution space,
rather than of the phase space. The infinitesimal symmetries
of the SU(2) non-linear Schrvodinger equation were investigated

in [10]. 1In that construction, only the "positive" subalgebra
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was realized non-trivially.

The linearization of the GNLS system using step
operators of a Kac-Moody algebra (equation (5.2)) seems to be
related to the work of the Kyoto group [11], who use vertex
operators to construct soliton solutions for a large class of
equations. It would be interesting to establish the
connection of these ideas with the approach of Adler and van
Moerbeke [12]. Other topics worth pursuing include the
investigation of the central term in (4.6) (e.g. the
conditions under which it vanishes), and the quantization of
the system. For the SU(2) case, the quantization of the
action-angle variables (i.e. the canonical linearizing
variables) gives the "Bethe ansatz" creation operators [13].
In the general case, quantization should lead to vertex
operators of some sort.

The methods which have been presented here can be
generalized to cover a wide range of integrable systems. This

will be discussed in a subsequent paper.
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CHAPTER 4: INTEGRABLE DYNAMICAL SYSTEMS AND KAC-MOODY ALGEBRAS
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1. INTRODUCTION

Ever since the work of Zakharov and Shabat [1], it has been
clear that a wide range of physically important non-linear
evolution equations in 1+1 dimensions may be written as the
compatibility condition of a pair of linear equations, i.e. as

a zero curvature equation
=0 (1.1)

where the ''gauge potentials" Ax’ A, are matrices, usually

t
written as polynomials (or rational functions) in a complex
parameter A (which does not appear in the equation of motion)
with coefficients in a Lie algebra g.

For a given equation of motion, it may be very
difficult (and will usually be impossible) to obtain a
zero-curvature representation. ‘A more reasonable approach is
to try and classify the sort of equations which can arise from

(1.1). If Ax is fixed, then one may seek A, to arbitrary order

t
by equating powers of A to zero in (1.1). This will give rise
to a hierarchy of equations of motion. The problem of finding
At is made easier by the invariance of (1.1) under a '"gauge

transformation"

-1 -1
A Ay + = 1.2
p Y Ay ty oy, =a (1.2)

(where YHE apy). The matrix coefficients of y belong to the
Lie group G of g- It may be possible to construct a

transformation AX > ax which allows the zero curvature
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£ Then At is obtained via

condition (1.1) to be solved for a
the inverse transformation.

In [2,3], this was carried out for the generalized
non-linear Schrodinger hierarchy [4], in which the gauge
potentials are polynomials with coefficients in a symmetric
Lie algebra g =k E)g. By transforming Ax to a constant
element, it was possible to obtain a closed expression for At
to any order in powers of A, and so the commutation properties
of the hierarchy of evolution operators (at) could be
investigated. They were found to provide a realization of the
centre free Kac-Moody algebra 5(9 c[x,x'l]. It was then
possible to construct a further hierarchy of equations so as
to obtain the full algebra g ® C[k,k-l]. The evolution
operators corresponding to the subspace m were found not to
commute with the translation operator ax’ and were regarded as
translations in "internal" dimensions, in analogy with the
situation in gauge field theories [5]. The Hamiltonians of the
evolution operators were found to provide a classical "current
algebra" realization of the same algebra. (The central term
which arose will, in this paper, be seen to vanish). The
Hamiltonians corresponding to the subalgebra k could then be
regarded as conserved quantities for the generalized
non-linear Schrodinger equation, while those corresponding to
m could be used to linearize the equation of motion. The
system was thus shown to be completely integrable.

In the present work, constant gauge potentials will be
used to obtain other polynomial pairs (Ax’At) associated with
integrable dynamical systems. One begins with a

non-commutative version of the zero curvature condition
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°n A n 4n T 1Ay s | n,+n,,[ ]
1’g1 2’82 2’g2 1’g1 1’g1 2,g2 1 2’ gl,gz

(1.3)

where an g (n€eZ, geg) form a centre free Kac-Moody algebra,

H

and are regarded as operators of differentiation with respect

to parameters tn g One of these parameters (with g an element
H

of a Cartan subalgebra h of g) will be chosen as "space",

labelled x. Those operators ? which commute with ax may be

n,k
regarded as defining a hierarchy of evolution equations, while
those which do not are regarded as "internal" translations.
The Hamiltonians will be shown to provide a realization of the
same Kac-Moody algebra, and the dynamical systems defined by
an’h (hcsg) will be completely integrable. The equations of
motion are, in general, non-local. The construction of such
systems will be described in Section 2. The key ingredient is
the gauge transformation which takes constant solutions of |
(1.3) to- dynamical ones. This is obtained from a '"gauge
equation", which is discussed in detail in Section 3. In
particular, it is shown that for any choice of x, it is always
possible to construct a hierarchy of integrable systems.

Also, if Ax is expressed locally in terms of dynamical fields
and their derivatives at a point, then there will always be a
hierarchy of local equations of motion (and hence there will
be local conserved quantities). In Sections 4 and 5, some
examples will be given of equations of motion which arise from

the construction.
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2. METHOD
Let g be a semisimple Lie algebra. The '"loop algebra" g' is

the centre-free Kac-Moody algebra g ® C[x,k-l], where C[k,k_l]

is the algebra of Laurent polynomials in the complex parameter

A. g' may be represented as the class of elements an g (nel,
1
g €g), equipped with the bracket
[an g O g ] = . 4n (e..e.] (2.1)
1’°1 2°°2 1 2’2152

Now one wishes to construct a realization of g' as a

~

family of differential operators acting on a space F of

functions (dynamical fields). The elements an g will be
b

regarded as defining differentiation (evolution) with respect
to the parameters tn g Such a realization will be called
"dynamical'.

If F is equipped with a Poisson bracket { , } then one

may define the Hamil@onians Hn g F by

} Vuer (2.2)
Then the Jacobi identity implies that

{u’{H H }} = [6 ]u

; , d
f1:83° 3.8y U1:81° f2:83

o] u
ny+n, (g +8;]

= {u, H Yuer (2.3)

n1+“2’[g1’g2]}
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and so

H H - H + 0.6 5 c
{ ny,8y nz’gz} ny+ny,[g;,8,] 17n,,-05"81,89

(2.4)
where c€C is a constant. (The constant term has been written
in its most general form [6], which can always be arrived at
by a suitable redefinition of the Hamiltonians, since they are
only defined up to addition of constants.) This means that for
any dynamical realization there is an associated "Hamiltonian
realization" of the algebra (with central extemnsion, if cz0).
For some peZ, Ee€g, let tp,E be a distinguished
parameter which will be called the "space dimension'", labelled
X. Without loss of generality, it will be assumed that p is
positive and E belongs to a Cartan subalgebra E of g Then g

may be decomposed as

g =k ® m (2.5)
where E is the centralizer of E (see Appendix). The

collection
T={t ,:nel, kek} (2.6)

will be called the "evolution space". Any element of T may be
singled out and regarded as the "time dimension", labelled t.
Then the manifold spanned by (x,t) will be called the

"physical space'", and the operator 3, will define the equation

t

of motion for any function u(x,t) F. The whole class bn K
(where t , €T) defines a collection of equations of motion,
’
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which will be referred to as the '"dynamical equations'. The

equations defined by the operators an E (ne Z) will be called
’

the "central hierarchy", while those defined by aN E (N>0)
R H
will be called the "fundamental hierarchy".
The collection
1= {tn,m: n€l, me m} (2.7)

consists of parameters whose evolution operators 3 m do not

commute with the spatial translation operator ax (i.e.
momentum is not conserved for the evolution equations). I will

be called the "internal'" space, and the operators an n will be

’

regarded as defining translations in the "internal"

(non—-physical) dimensions tn m* For all the dynamical

equations, momentum (Hp E) will be conserved. 1In particular,
b

this means that

0 = H = pc (2.8)

= {H
a—p)E p)E { p)E, H‘D,E} -

(from (2.4)), and so the central term actually vanishes (if

p#0).
Next notice that (2.4) implies
(#,  , H =0 VYomez, kek (2.9)
i.e. the Hamiltonians Hn K are conserved quantities for the
b

equations of the central hierarchy. The subset consisting of
Hn h (n€Z, heh) forms a maximal involutive class of

conserved quantities. Furthermore, for any step operator
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e, ,€m, one may define

r =&z A H (2.10)

(where A is a formal parameter). Then, using (2.4) (and the
notation [E,ea] = (z.E)e ),

® -m

{

) r =21= A

n,E «a m=-w H » B

m,e, n,E}

= 5% -m
= Zm=_mk (a°E)Hm+n,ea

= A"(a.B)T Vnez, e em (2.11)

and so the equations of motion are linearized.
Eqs.(2.9),(2.11) show that_the equations of the central
hierarchy are completely integrable. For the equations
defined by an,h (nelZ, h €h, h#E), there may be fewer
conserved quantities (i.e. only those of the maximal
involutive class), but the linearization (2.11) still applies.
For the equations defined by an,e (nez, e eg,e«?g), there are .
still infinitely many conserved quantities (Hm,e: méEL), but
the equations are not linearized by (2.10).

In order to construct a dynamical realization, one

begins by considering the equation

d A - A + [A , A
B1:81 B2s8y  Dg.Bp 0.8 01081 P208y

- 2.12
n,+n,,[g,,8,] ( )
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-1
for an unknown class of "potentials" A g €F @ g®c[r,n "]
(Notice that when_[gl,gz] = 0, Eq.(2.12) becomes a zero

curvature condition).

One seeks solutions An g for (2.12). The simplest

’

example is the constant solution

_ n
A, g = A (2.13)

Now consider the '"gauge transformation"

-1 SENCS
A A - = A 2.14
n,g ~ Y%n,g" Yn,g" n,g ( )

where y belongs to the loop group, with coefficients in F (and

yn’g = an,gY)' Making use of the identities
-1 -1 -1
= = - 2.15a
d3y,g(Y ) Y Yy, gY ( )
-1 -1 -1 -1
3n,g(rAY ) = [yp ov 7» vAY 7] + yo, oAy VAeg ( )

Eq.(2.12) is transformed to

(v) (v) (v) (v)
3 A -3 A + [a , A ]
M1081 M08 08y 0108y N8y P08

= AolY)

2.16)
ny+ny.[8y.8,] (

i.e. the equation (2.12) is form-invariant under (2.14).

Therefore, using (2.13) in (2.14), a solution is

n -1 -1
A = M YBY < Yp oY

n.g (2.17)
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where y is arbitrary. Now choose two possible forms:

Y, = dw = ¢expz:=1x ® (2.183)

Q

Yo vexpz,_,2"e_ (2.18b)
where ¢,¥ are independent of A and wn,gneF ® g With these
two choices, An g will be an infinite series in either

H

descending or ascending powers.

Now impose the condition that An e is the same for

’

’

either choice of y. Then An . must be a polynomial of degree n
in only positive (negative) powers of A if n is positive

(negative). Let N be a positive integer. Then (using (2.15a))

Ay g = xN¢wgw'1¢" - ¢wN'gw—l¢-1 - ¢N,g¢-1 (2.19a)
= \Nyogo~lyl - TQN,gQ-lw_l - wN’gw"l {2.19b)
= Shooh AR g (2.19¢)

Equating coefficients of powers of A, one obtains

(o, g0 Dy = (@B e Yn>0 (2.20a)

Ay, g™ z§=0xn¢(mgw'1)N_n¢'l - ¢N,g¢_1 (2.20Db)

(QN’gQ-l)n = (QgQ-l)n_N - w"lAﬁ’gY Y n>0 (2.20c)

wN,gw'l = 4y g - b(ugw” o V50 (2.20d)
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Vo (2.20d)

e
=]
|

el
n

- oge L+ vgy” (2.20e)

D (=0 if n<0) and

where (f(w)) denotes the coefficient of A
(f(Q))n denotes the coefficient of AR (=0 if n<0). Repeating

the process with -N in (2.19), one obtains

(Q_y,g® Jp = (282 Dy Vo>o  (2.21a)
- oN -n -1 -1 _ -1
Ay g = Tnooh "¥(REQ )y Yy ¥ (2.21b)

-1 -1 -1 n
(u_y g Jp = (w80 Dy oy = ¢ Ay ¢ VYo o (2.21c)

-1 -1

-1, -1
= +
Y_N,g? by, gt v(ege )y¥

V N>o (2.214)

where AEN g denotes the coefficient of A% (=0 if ndN).

’

Now write x = t . From Eq.(2.20), one has

) p,E
(0go D)y = (@B D) o Vn>o (2.22a)
A= zg=0xn¢(wEm“1)p_n¢‘1 - ¢X¢'1 (2.22b)
(@0 H)y = (eEa ™) - v laly Yo (2.22¢)

Eq.(2.22a) defines the generators w, 2as functions of x. The
m

p-1“p
denote the m component), which appear in Ax, are not uniquely

coefficients Wyseee, (where the superscript is used to
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determined by (2.22a), and will be called the 'dynamical
sector". It will be seen that the dynamical sector may be
chosen so that Wy is determined to all orders by (2.22a). ¢ is
undetermined, and may be chosen arbitrarily. ¥, also, is not
explicitly determined, but is fixed by (2.20d4d), (2.20e),
(2.21d). The generators Qn are determined by (2.22c¢c) in terms
of ¥ and the dynamical sector.

The evolution of ¢ is subject to the consistency

condition
-1 -1
) (v ¢ ) -2 (v ¢ )
-1 -1 -1
+ , = 202
(¢ tn, g, ¢ ¢n2,g2] b 0n iny, (g ,8,] (2.23)

i.e. ¢_1¢n,g is a X—independent solution of Eq.(2.12). If ¢ is

chosen to be the identity, then (from (2.20d,e),(2.21d)) VY is

fixed by
vy gt = —(egw Dy Vo (2.24a)
wo’gw’l = ygy ! (2.24b)
‘I’-N,g‘f—l = v(ege hy vt Vx>0 (2.24¢)

This case will be called the "basic gauge'". Now, since ¢-l¢n

g
is a solution of Eq.(2.12), one can choose
-1
0 oy g = AL020 Voesg, geg (2.25)
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(¢)

n,g
(2.21b,d) with ¢ replaced by ¢)

where A is a solution in any gauge ¢; i.e. (from (2.20b),

-1 _ -1, -1 _ -1
¢ by, g = ¢(uwBw )ye N, g? (2.26a)

-1 -1
= - 2.26b
¢ by g o_y,g? YN>0 ( )
Letting ¢ be the basic gauge (i.e. ¢=1), one obtains the
"principal gauge":

1

b by g = (wgo M)y Vo (2.27a)

0 oy g = O Vx>0 (2.27b)

In this gauge, Egs.(2.20d,e),(2.21d) become

_1 _ .
i ¥ §>0 (2.28a)

= (ege™t) ¥YN>0 (2.28b)

-N,g N

(Letting ¢ be the principal gauge in (2.26), one returns to
the basic gauge).

One may also fix ¢ by choosing ¢x¢_1 as a function of
the dynamical sector. Then the dynamical equations for ¢ may

be written as

-1, -1 1
(

¢"1¢n’k ol R N C AR 1) (2.29)

which satisfies Eq.(2.23) for gek. (In general, one cannot
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extend the non-local definition (2.29) to the internal
translations ¢-1¢n,m (mém). Eq.(2.23) may no longer hold,
since bx doe§ not commute with these translations). Gauges for
which ¢’1¢N’E (the fundamental hierarchy) is local will be
called "local gauges" (although ¢ itself is a non-local gauge

transformation).

3. THE GAUGE EQUATIONS

It will now be shown how w and Q@ are determined from

the ''gauge equations" (2.22a),(2.22c)

1

(wEw (3.1)

)pen

1

(eEa" 1) 1 -1

_1 -
- ¥ G(uEe )Y (3.2)

~
O
Le]
~
=
]

n=p

for all n>0. Recalling the definitions (2.18), one can expand

in powers of A to obtain the identities

-1 n -1
(v )y = Z.q(r!) E(ki:zki=n)[wk1[...[wkr-l, bpwkr]°"]]
(3.3a)
(wgo™ 1y = 2B (r) 71z (o, [«v-[o ]...11 ¥
n r=1{T" (k; :zky=n) %%k, Lo L% lee- gE g
(3.3b)

(and similarly for Q). If p=0, then (3.1),(3.2) become (using
(3.3))
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o
™
€
"

[wn’ E] (3.42)
2.2, = [a,, E] (3.4Db)

i.e. one can choose 0 = Qn = 0 for all n. Henceforth, it will
be assumed that p>1.
Putting n=1 in (3.2), one obtains (using (3.3) again)

= ‘Y-1¢(wEw-1)p.1¢_1Y ¥p>1 (3.5a)

(4]

o]
[y
I

2.2, = E - v~ 141y p=1 (3.5b)

and so Ql is determined (non-locally) in terms of w,¢,¥. Now

suppose that all Q.

j<n are determined. Then (3.2) gives

ben + Zl(terms in Q

J(n)

1 -1

= ty(terms in Q. ) - ¥ “¢(uBw" )pond ¥ (3.6)

j<n
and so Qn is determined to all orders in terms of w,¢,VY.

For the gauge equation (3.1), the situation is more

complicated. First, let p=1. Then, putting n=1 in Eq.(3.1)
0 0y = [wy,E] + 1/2[0,[w,,E]] (3.7)

This may be split into k and m components (using (A.5)):

k m k
B wy = 1/2[w1[w1,E]] (3.82)
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m k m m
[wz,E] = awa - 1/2[mz[w1,E]] - 1/2[wI[ml,E]]~ (3.8b)

k
Eq.(3.8a) determines w; (non-locally) in terms of the

m m
dynamical sector mI. Then w; is determined by Eq.(3.8b). Now

m
suppose that wl,...,wn_l;w; are determined. Then, using (3.3),

Eq.(3.1) (with p=1) becomes

d o *+ 2y = [o  ,,E] + 1/2[w [v,,E]] + 1/2[0,[w ,E]] + Z,
(3.9)

(where zj are sums of commutators involving W< ). Then the k

n

and m components are

k m k m k
a 00 = 1/2[w [0;,E]]7 + 1/2[w][w,,E]]7 + I, (3.10a)
m m m
[0 41 -B] = 3,0 - 1/2[w [0,,E]]” - 1/2[w; (e, ,E]]” + 2,

(3.10b)

m

Eq.(3.10a) determines w; non-locally. Then w

n+l is determined

by Eq.(3.10b). So w is determined to all orders.
Now consider the case p=2. Putting n=1 in Eq.(3.1), the

k component is

X o X n X k
d Wy = 1/2[w1[w2,E]] + 1/2[w2[w1,E]] + 1/6[w1[w1[w1,E]]]

(3.11)

m
One is free to choose the dynamical sector (wl,mz), subject
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to Eq.(3.11). (One such choice will be discussed later on).
m

~

Now suppose that wn(N;wN are determined in terms of the
dynamical sector. Then the m component of Eq.(3.1) with p=2,

n=N-1 takes the form

k
[uger Bl + 1/2[ugfw, ,E]] = 2, (3.12)
o
(where Ej involves the coefficients wn(N;wN)' Now put n=N in

Eq.(3.1) (with p=2). The k component gives

m k

m k
d oy = 1/2[w]lwg, ,E]]7 + 1/2[wy, (v, ,E]]”

k
XN

k m k m K K
+ 1/6[ogfw][w,E]]]™ + 1/6[w][wylw,,E]]]” + £,  (3.13)

Substituting (3.12) and using (A.8), this can be rewritten

m K k k m k
-1/3[w]lwglwy,E]]]™ + 1/6[wglw][w;,E]]]7+ 25 (3.14)

-5 (3.15)

k m
using (A.10). This determines wﬁ, and then w§+1 is determined

by (3.12). So w, is determined to all orders.

For p>2, the sort of cancellation which appears in
(3.14) will not occur, and one must choose the dynamical
sector so that wnmay be determined to all orders in terms of
wj(n‘ Such a choice will not be unique. For example, for any

p>2 let q be a positive integer such that 2q<p-1, and write

qQq=2r+ o (3.16)
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where ¢ {0,1}. Now choose

wl,ooo(.l)p_q_l =0 (3.173.)
m o
Wh—q’ " *¥p-r-1 =0 (3.17b)

One must check the consistency of (3.17). For 1<{n{p the gauge

equation (3.1) becomes (using (3.3))

= n+q

du, = [wn+p,E] + 1/22j=p_r[wn+p_j[wj,E]] (3.18)
For 1{n{p-q-r-1 this reduces to

[wn+p,E] =0 (3.19)

m m
i.e. wp+1”"’w2p-q—r—1 = 0. Then, for p-q-r<mn<{p-q-1,
Eq.(3.18) gives

= - n+q
[wn+p,E] = 1/22j=p_r[wn+p_j[wj,E]] (3.20)

The k component of this equation is zero, by (3.17b). So

m m
Wop-g-r’****®2p-q-1 are now known in terms of Whq’***¥p-1
For p-q<{n{p-r-1, the k component of Eq.(3.18) is

n+r (3.21)

m
j=p-r!Pn+p-3l9;-El]

b, = 1/23%

usin 3.17)). This determines w ) in terms of
(using (3.17)) p-q’ p-r-1

m m
wp-r""’wp-l' The m component is
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= n+q
E] -1/205 5 r[

[“’j’ ]]

lopsp: n+p-j

m
n+r w,,E]]” (3.22)

-1 - .
/223 =p- r[ n+p-J[ J

For p-r<{n{p the 5 component of (3.18) becomes (using

(3.17),(3.19))

k k

d o, = 1/22J =p-r [ n+p—j [w E]]” (3.23)

K K m m
and so wp_ e Wy are determined. Then Wop—q?****¥2p-r-1 are
determined by (3.22).

m o
So far, ml""’wp;wp+1"'°'pr—r—l have been
m m

consistently determined in terms of mp r,...,w (which may be

regarded as the dynamical fields of the system). Now suppose
o n

JENION? T ON+p-r-2

The 5 component of the gauge equation (3.1) (with n=N) may be

that w have been determined (where N>p+l).

written as

k k
~ N+q ~ .
I 1/27_:J p-q[wJ[ N+p-j’E]] + z(terms in wj(N) (3.24)

k

and so w..
N

has the form

is determined. The m component of (3.1) with n=N-r-1

m
4 ,ouN-1 z
[wN+p—r—1’E] - 1/22.] p—q[ J[wN*l‘p—I"'l—j ’E]]

+ Z(terms in w (3.25)

5<N)

and so “N+p-r-1 is determined. Hence wy is determined to all

orders. So for any p, it is possible to choose the dynamical
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sector so that w may be determined.
) k
The gauge equation (3.1) determines wy non-locally, and

so one would expect the equations of motion (2.20) to be
non-1local. This is true in general, but for systems in which
the dynamical sector is local, the fundamental hierarchy are
in fact local equations of motion (in any local gauge). To
show this, let w be of the form

n

w = expzz=1k- L (3.26)

and define the transformed gauge potentials
a = W 1A w + w_lw (3.27)

Now choose

LA 1<n<{p-1 (3.28a)
m m

~ = w .2
LA (3.28b)

i.e. w,w coincide on the dynamical sector. Then (recalling

(2.22b), and letting ¢ be the basic gauge), a takes the form

Nl M (3.29)

= P @
a ATE + Zn=1 x

X

while the transformed potentials of the fundamental hierarchy

are of the form

N,E - n==—c a'N’E (3-30)
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(using (2.20b) with ¢=1,g=E). Now specify the remaining

generators of w by choosing aer’ i.e.

-1 m -1 E p -1 V
(w E:vv)n.‘_p = —-(w wx)n - Z (w A w)r+n n>1 (3.31)
and so
[wn+p,E] = r(terms in Wj<n+p) (3.32)
o
Then w (n>p) is locally defined to all orders in terms of the

k
dynamical sector. w; (n>p) is left undetermined, and will be

chosen to vanish.
In the gauge (3.27), the equations of motion of the

fundamental hierarchy have the representation

82N E = On E®x Y [ax,aN’E] =0 (3.33)

(from Eq.(2.12)). It will now be shown that ay g may actually

be written as
A aN,E (3.34)

This is certainly the case if N<{p (from (3.30)). Suppose N>p.

Substituting (3.29),(3.30), one may write the coefficient of

AN0 0 (3.33) as
N-n N-p-n n-p- N-n+r
352N, * [E, ay,E "1+ Zr p [ax ,ay g | =0 1<ndN  (3.35)
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[E, 2} 27%] = 0 1<n<p (3.36a)

N-n N-p—n n-p-1; -r N-n+r, _
32y g * (B ayg | + 2,0y [ag,agp 170 p+1<n<N
(3.36b)

N-2p N-p—-1

Eq.(3.36a) shows that a se e, k. Then the m component
N,E N,E ~ ~

of Eq.(3.36b) becomes

(B 2] - -0, GND® - BREUEGREY prianan
(3.37)

l1.€e.
[E, ay 2 "] =0 p+1<n<min (N, 2p) (3.38)

and so the upper bound on the summation in (3.37) is reduced
to n-3p-1. Repeating until min(N,mp) = N for some m, one finds

that
n
aN g€k -p<n<{N-p-1 (3.39)
Then the k component of Eq.(3.36b) is
R o b PRLIP A p+1<n<N (3.40)

r=1 '%x » 2N E

Putting n=p+1, one has
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0.2 =0 (3.41)
N-p-1 . .
so one may choose aN g = 0. Then, by induction, Eq.(3.40)
1

allows one to choose

N-n

aN,E =0 p+1<n<N (3.42)
and so the assertion (3.34) is proved. Now invert the gauge

transformation (3.27) to obtain

@ -n__-n -1 -1
n=1h waN’Ew - wN’Ew (3.43)

Since AN E is a polynomial in only positive powers of A, one
’

may equate coefficients to get

Ay g = 2§=okn(wEw_1)N_n (3.44a)
= N M MeBahy o YN0 (3.44b)

(from (2.20b) with ¢=1), and so
WEW L = wEw ! (3.45)

(where the constants of integration in wEw_l are set to zero).
The equations of motion of the fundamental hierarchy may be

represented as
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=0 (3.46)

(from Eq.(2.12)). If the dynamical sector is local, then w
(and hence AN,E (3.44a)) will be local, and so the equations
of motion (3.46) are local. The associated Hamiltonian
realization will consist of non-local Hamiltonians with a

sub-class of local quantities HN E°
s

4. REALIZATIONS WITH p = 1

In the basic gauge, with p=1, the gauge potential (2.22b) is
A_ = AE + [ml,E] (4.1)

For G=SU(2), this defines the AKNS system [7]. Since the
Cartan subalgebra is one-dimensional, the equations of motion
all belong to the central hierarchy.

Now, from (2.21c) with N=n=1 and ¢=1,

m
= (=al ~
= (-al; p)

m
(-yEr 1)~ (4.2)

]

(using (2.21b). In the basic gauge, one also has ((2.24a) with

N=1,g=E)

vyl = -[wy,E] (4.3)
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so that the equation of motion may be rewritten (with

9, = ) as

£ %-1,E

2, (¥, ¥ 1) = [vEY 1,E] (4.4)
For G=SU(2), choose

E = 1//2(3 _f) (4.5)

fog,8] =(0 ) (4.6)

where u is a real field. Then (noting (4.3)), ¥ may be written

as

exp(ip)cos(a/2) exp(-iB)sin(a/2)
¥ = (4.7)
-exp(if)sin(a/2) exp(-iB)cos(a/2)
where ax=2u and Bx=0. Then Eq (4.4) becomes
et = sina (4.8)
which is the sine-Gordon equation.
Now consider the equation of motion with ats 62 E*
Using (2.20a) one has
d = "1y = (wBehy 4.9

and, since axs al’E, Eq.(2.20a) gives
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(wEw )g = (wgo ),

=2 w, + 1/2[m1, axwl] (4.10)
(from Eq.(3.3a)). Then
m m k m m k m m m
oguy = gy + 1/2[07, 007] + 173067, ou7] + 172067, 0,070
(4.11)

This may be evaluated using (3.8). One obtains

m

m m m m
3 lwy Bl = 0 0] - [3, 0] [w;,E]]” - 1/2[E[w][w][w;,E]]]] (4.12)

For G=SU(2), one may choose

E = -i/2 (é _2) (4.132)
[wy,E] = (3 8) (4.13b)

If g is restricted to the compact or non-compact real form

*
(r=tq ) then Eq.(4.12) becomes

. - | 2

iq, = a,, ¥ 2qal (4.14)

which is the non-linear Schrodinger equation. For a symmetric
Lie algebra g = k ® m the middle term of Eq.(4.12) will
vanish, and the equation of motion (when g is restricted to

the compact or non-compact real form is the matrix form of the
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generalized non-linear Schrodinger equation discussed in [4].
The Hamiltonian realization associated with this system was
constructed in [2,3].

Now consider the gauge choice ¢ K (the Lie group of k).

Then (2.22b) with p=1 is

A_ = \E + [¢w1¢—1, E] - ¢X¢'1 (4.15)
For G=SU(2), choose

E = -1/2 (3 _2) (4.164 ;

[4wge™ ", E] = (3 é) (4.16b)

oot = (3 _3) (4.16¢)
For atz az,E write

¢t¢—1 = (g ;3) (4.17)

u, =V (4.18)
and one also has (using (2.15b))

-1
0 =23.[vwse 7, E]
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1

= [[¢t¢—1, ¢w1¢_1]E] + [eo,00 7, E] (4.19)
= o,  ow, 07 E]] - [ (o 0™h), suje™l]
_ t 1 ’ b RS < ’ 1
- - m -
+ o0 oo™t wule 1] (4.20)

(using (A.7),(4.12),(4.16b), and using (2.15b) to rewrite

m

~ =1
¢axxw1¢

). Substituting (4.16),(4.17), this becomes
v=au +u (4.21)
Then the equation of motion is given by (4.18)

ut = u.. + 2uux (4.22)

which is the Burgers equation. ¢ plays the role of the
Cole-Hopf transformation [8,9].
In the principal gauge, with p=1, the gauge potential

is

A, = nEg T (4.23)

(from (2.22b),(2.27a)). The equation of motion with ats 62 E

is

1 1

24 (WB6 ™YY = [0y o', eBeT1] (by (2.15b))

1 -1

o[ (wEw )y, Ele (by (2.27a))
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-1
¢[a, 0 ,E]e (by (2.22a))

-1 -1
$oL(6 b )e (by (2.27a))

1y

ax(¢x¢‘ (by (2.152))  (4.24)
Now let g = 5 @ m be a symmetric algebra, with
(a.dE)2 = -I on m. Then (since ¢-1¢xe;g, by (2.27a)), Eq.(4.24)

may be rewritten

-1 -1 -1
8, (¢E¢ ) = -3 (¢[[¢ "¢y, E], E]e )
-1 -1
= 2 [¢B¢ ~, 3, (¢E¢ )] (4.25)
Writing ¢E¢-1 = S, this becomes
3,8 = (s, sxx] (4.26)

which is the generalized Heisenberg ferromagnet equation [4].
The gauge equivalence of the non-linear Schrodinger and
Heisenberg ferromagnet equations was first demonstrated in

[10].

5. REALIZATIONS WITH p = 2

It was shown in Section 3 (Eq (3.11)) that for p=2 the

dynamical sector must satisfy
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m k m k k
1/2[w][w,,E]]™ + 1/2[wg[w,,E]]” + 1/6[w,[w,[w,,E]]]"”

=R

- (5.1)

Let g =k ®m be a symmetric algebra with (adE)?= -1 on m.

Then one may choose

K
w] =0 (5.2a)
o
Wy = 0 (5.24:

Now one may consistently choose
mneg (n odd) (5.3a)
w &k (n even) (5.3b)

n

To see why this is so, note that the commutation relations

[k, k] Ck (5.4a)
[k, m] Cm (5.4b)
[m, m] C k (5.4¢)

may be realized by k » {2n}, m +» {2n+1} (n€Z) and [a,b] »

a+b. Then by induction on n in (3.3) one obtains
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-1 m (n odd)
(w w )n € k (n even) (5.54d;
dd) -
-1 ¢ m (n o
(vko ) % k (o even) Ykek (5.5b)
-1 k (n odd)
(mo )y €) 1 (0 even) Vmem (5.5¢)
and so the gauge equation
-1 -1
(wgw ), = (wEw )n+2 (5.6)
is consistent. Then (5.5) and (2.20a) imply that
Oy k¥ = 0] (N>0 odd, k &Kk) (5.7a)
aN,mm =0 (N>0 even, mem) (5.7b)

Now let ¢ €K. Then the gauge potential (2.22b), with the

choice (5.2), becomes

2 -1 -1 -1 -
A= A"E + A[ewge  "LE] + 1/2[¢w e “[ewge TLE]] - epe

L (5.8)

) . From

Now consider the equation of motion with ats 4 F

(2.20a)

- )g = (wxw— )g (using (2.222a))

"
o
€

3 1/2[m2, bxwl] + 1/2[w1, axmz]

+ 1/6[wywy, d5wy]] (from (3.32)) (5.9)
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To obtain an explicit expression, PN and wg must be determined

from the gauge equation (5.6). Putting n=1, one obtains

[wg,E] = 3 v, -1/2[w,[w,,E]] - 1/6[w;[w;[w,,E]]] (5.10)
while n=2 gives (using (A.8))
o uy = [wl[ws,E]] + 1/6[wz[w1[m1,E]]] +1/6[w1[m2[w1,E]]]
+1/24[w1[w1[w1[w1,E]]]] - 1/2[0,, axwl] (5.11)
Substituting (5.10) and using (A.10) this becomes
o W, = 1/2[@1, axwl] - 1/8[ml[m1[w1[w1,E]]]] (5.12)
Then the equation of motion (5.9) is
p,0; = [E, o 0] + 2/3[w;[0;, 3,0,]] - 1/60 [E[w[w;[w,,E]
- 1/8[wy v, Lo [0 [u;,E]1]]] (5.13)

Now, (using (2.15b), (A.7)),

>
|

-1
tAx = d¢lewye 7, E]

(0.0 owge ", E]] + [¢(atu1)¢'1, E] (5.14)

-1
Substituting (5.13), and using (2.15b) to rewrite ¢(a§w1)¢ ’

this becomes
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-1 1 1 -1 1
0phx = [¢t¢ ! Ax] + [E, axxAx] * [ax(¢x¢ )[Ax’E]]

2[4 0" [2,41,E]] - [o,0 (o e (A5,E]]]

+

+

2/3[aX(al, 2 al1] - 1760 [E[Al[AL[A],E]]]]

+

1/6(0 0" [E(AL[al[a},E]110] + 2/3[AL(ALlA], 067 1])

1/8[al[al[al(al(al,E]11]] (5.15)

1

- - 1
= [(btd) ’ Ax] + F (5.16)

Now choose
-1 1
67" = a[AL[A],E]] (5.17)

Then ¢t¢_1 is defined by the consistency condition

1

-1 -1 - -1
0 (bt ) = 2 (4 )+ [ege T, byt ] (5.18)

which may be rewritten using (5.16) (and (A.7,8,10)) as

-1
2 (6,67 )

2a[3,81(a1,8]] - afo,07 [a5(A,E]]

2a[F[A,E]] (5.19)

This becomes (using (A.7,8,12,13,16))
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- 1r,1-,1
0 (bt Ly = Za[Ai, axxAi] + (4a2+a)[Ai[axAx[Ax[Ax,E]]]]

+ (4a2-2a)[Ai[Ai[axAi[Ai,E]]]] (5.20)

i.e. (using (A.15))

2a[al, o a1 + (a® + «/a)[al[a;[AL[A},E]]]]

¢t¢'1

1

+ (4a® - 20337 [AL[aL[0 al(AL,E]]]] (5.21)

Substituting this and (5.17) into (5.15) gives the equation of

motion:

1 2 1 -1p,1¢,1 10,1
tAx [E) axxAx] + (2(1 - 4a )[Ax’a [Ax[Ax[axAx[Ax’E]]]]

I

)

1/2[E[s, AL[A1[aL,E]]1]] + (40 - 1)[E[AL[5,al[A},E]]]]

-+

1
X

1
X

+

[al(al,E1111] (5.22)

(e/a - 1/8)[AL[A 1ral,

[A
(where (A.12,13,16) have been used). This equation becomes
local for two values of a. Putting «=0 (the basic gauge) gives
a quintic non-linear Schrodinger equation. Putting o« = 1/2
(the principal gauge), one obtains

1

1 1.1
o,A, = [E, 8, Al] + 1/20 [E[A [A [A ,E]]]] (5.23)

When g is restricted to the compact or non-compact real form,

the components of (5.23) give the derivative non-linear

Schrodinger equation of Fordy [11].
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For g = s1(2,C), one can write

1 _
Ax = qe, + re_ (5.24)

Then one can check that for this case

(alrale117) (5.25)

[aLaklo k(AL E]]]] = o, [aL{ak[alln)

X

1

and so ¢t¢- (5.20) is local for all a. The equation of motion

(5.22) is then

2,AL = [E, 3,,AL] - (@ - 1/2)(a - 1/0)[al[a(al[aL[AL,E]]]]]
+ 1/2[E[o,AL[AL[(AL,E]]]] + (4« - 1)[E[AL[o ALl[AL,E]]]] (5.26)
Putting a« = 1/4, this becomes

atAi = [E, aXXAi] + 1/2[E[axAi[A;[Ai,E]]]] (5.27)

The restriction to the compact or non-compact real form
(r=tq*) gives the derivative non-linear Schrodinger equation
of Chen et al [12].

The gauge potentials of the zero curvature
representation are easily found. Substituting (5.17) into
(5.8) gives

2 1

AE + AL+ (1/2 - a)[Ai[A1 E]] (5.28)

A X

X

while from (2.20b)
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4 3 -
A, = AME + M [wg0

1 2 -1 -1
E] + A [dwge [¢w1¢ ,E]]

- - -1
+ (300 T + 60,0, + 1/2[0g, 80710670 = beTT  (5.29)

(where (5.6) has been used). This becomes (using

(5.11),(5.17),(5.21))

4 3,1, .2
[

a, = 2% + a3l + a2[al[al,E]]

+ A([E, 5 al] + o[E[al[al[A,E]]1]])

(1-2a)[A1, 5.41] - («® - 3a/4 + 1/8)[al[al[Al(4},E]]]]

+

1 1,,1

- (4e®- 2a)37 [al[al[5,a1[a1,E]]]] (5.30)

6. DISCUSSION

Various authors have used gauge invariance to investigate the
conserved quantities of integrable dynamical systems, such as
the nonlinear sigma model in [13] (where the gauge potentials
are rational functions of A), and the Toda equation in [14].
The gauge transformation w (3.31) is a generalization of the
local transformation used in [14]. Non-local conserved
quantities were constructed for the non-linear sigma model in
[15], and these are associated with infinitesimal
transformations which realize the "positive half" of a
centre-free Kac-Moody algebra [16]. However, the charges

themselves do not form an algebra [17]. The infinitesimal
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symmetries of the SU(2) non-linear Schrodinger equation were
investigated in [18], using the gauge transformation to the
Heisenberg ferromagnet. Only the '"positive" subalgebra was
realized non-trivially, since the gauge transformation is in
fact the principal gauge (4.23), which is trivial in the
negative part of the algebra (2.27b).

Much work has been done by the Kyoto group [19] on the
construction of soliton solutions for non-linear dynamical
systems using vertex operators. The construction of solitons
within the formalism of this paper, and the connection with
the work of the Japanese authors, will be dealt with in a
subsequent paper.

Another topic which will be investigated further is the
construction of the Hamiltonian realizations. One must first
define the Poisson bracket between matrix elements of the
dynamical sector (with different values of the spectral

parameter), i.e.
(A ) @A (x50} (6.1)

(where the notation of [20] is used). Such objects have been
studied in connection with the "r-matrix" [21] and Yang-Baxter

equation [22].
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APPENDIX

Let g be a semisimple Lie algebra over a field P of
characteristic zero. (By "semisimplé" it is meant that g has a
symmetric bilinear form ( , ) which is non-degenerate). A
Cartan subalgebra of g is a maximal abelian subalgebra h with
the property that, for all heh, adh is a semisimple
endomorphism of g. (Recall that (adh)g = [h,g], and a
semisimple endomorphism is one for which the roots of the
minimal polynomial are all distinct). Every semisimple Lie
algebra has at least one Cartan subalgebra. Choose one, and

let E be an element of it. Define

k = {geg: [E,g] = 0} (A.1a)
L ={geg: (adB)'g = 0} (A.1Db)
m = [E,g] (A.1lc)

Being semisimple, adE is diagonalizable over P (or its
algebraic closure), and hence k = 1. Then kNm = 0. Also, the
fact that g is semisimple, together with the relation

0 = (g,[k,E]) = ([E,g],k), implies that dim k + dim m = dim g;

i.e. g=k ® m (direct sum as vector spaces). If there exist

k€k, mem such that [k,m]eg (#0), then (writing m = [E,m'])
0 = [E[x[E,m']]] = [E[E[k,m"]]] (4.2)

(by the Jacobi identity) and so
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0 = (g,[E[E[k,m']]]) = ([g,E],[E[k,m"]]) (A.3)
However,
(k,[E[x,m']]) = ([k,E],[k,m*']) =0 (A.4)

i.e. [E[k,m"]] = [k,m] is orthogonal to g, which contradicts

the fact that g is semisimple. So one has the relations

(k,m]cm [k.klck (4.5)

~

(the latter follows from the Jacobi identity on [E[k,k]]).
The corresponding Lie group G/K is called a reductive
homogeneous space. For certain algebras it is possible to

choose E so that one has the additional relation

[m,m]ck - (A.6)

~ ~

then G/K is called a symmetric space, and g is called a
symmetric Lie algebra. An important example arises when adE is

a complex structure on m (i.e. (adE)z = -I on m). For

further details, see [23].
In the general (reductive) case, it is clear (using the

Jacobi identity) that

[k[m,E]] = [[k, m],E]] Vk ¢k, mem (A.7)

k k
[my[mgy,E]]" = [mylm,,E] Vm,m, € m (4.8)

(where the superscript indicates the k component). Also, for

all k €k, mem,
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[k[m(m,E]}]] = [m{k[m,E]]] - [[m,E],[k,m]]

2[m{k[m,E]]] + [E[m[k,m]]] (A.9)
Kk k k
(¥x[m[m,E]]]” = 2[m[k[m,E]]]” = 2[[E,n],[k,m]]™ (A.10)

From now on it is assumed that E can be (and is) chosen
2

so that (adE)2 = k¢ (constant) on m (i.e. the symmetric case).

Notice that

Also

and

[[E.m; ], [Bomy]) = =¢®[my,m,] Vo,menm (A.11)

[m[[m[m,E]],[m,E]]] (by (A.7))

[w[E{m(m[m,E]]]]]

1/2([n[m,E]],[m[m,E]]] (by (A.10))

=0 (A.12)

(m{E(m[m[n[m(m,E]]]]]]]
= [m[[E,m], [m[m[m[m,E]]]]]] (by (A.7))
= [o[[[E,n]n], [n[n[m,E]]]] + [m[w[[E,n],[n[n[n,E]]]]]]

(by the Jacobi identity)
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= [[m[m,E]], (n[n[m{n,E]]]]]

(by the Jacobi identity and (A.8),(A.12))

= (o[ [m,E], [n[n[n{=,E]]}]]] - ((m,E], (n[n(m(m(m,E]]]]]]]

(by the Jacobi identity)

~2[m[E[m[m[m[m[m,E]]]]]]] (by (A.7),(A.8))

- 0 (A.13)

Now let m,m'e_g. Then the Jacobi identity implies

[o'[m(n[m,E]]]]

[[m",m],[m[m,E]]] + [m{m'[m{m,E]]]]

= 2[n[[n',n],[m,E]]]] + (m[o'[a[n,E]]]] (by (A.10))

3[m{m'[m[m,E]]]] - 2[m[m[m'[m,E]]]] (A.14)

In particular, if 3 is a differential operator then (using

(A.8))
3(m[m{m[m,E]]]] = 4[n[om(n[m,E]]]] (A.15)

Lastly, since (adE)2 = Kz on m, one has for all m,m' € m:
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(m{m,m']] = « 2[E[E[m[m,m"]]]]

« ?[E[[E,n],(m,m']]] (by (A.7))

= « 2[E[n[n'[m,E]]] - « 2[E[n'[m[m,E]]]] (A.16)
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CHAPTER 5: CONCLUDING REMARKS
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The object of the work presented here has been to
construct the algebra of conserved quantities for classical
integrable systems which have zero curvature representations.
It has been seen that this problem amounts to the construction
of "dynamical" (Poisson bracket) realizations of centre free
Kac-Moody algebras. ‘

Although the formal linearization of these systems was
given, the construction of explicit solutions was not carried
out. This problem should make it possible to establish the
connection between the present formalism and the work
initiated by the Kyoto group [1] on the KP-hierarchy.

To see how these ideas may be linked, recall that the
starting point in Chapter 4 was a family of operators an’g and

a '"'zero-curvature" equation which is the consistency condition

for the system of equations:

(d + A ‘ Y =0 (1)

A =\g (2)

The dynamical equations of interest arose from the central

hierarchy, corresponding to g = E. Then (1) has the solution
o = 2% A"t _E 3
exp(=Zy__ M t, gE) (3)

The gauge potentials of the central hierarchy were obtained

by applying the transformation ¥Q or ¢w, i.e. the system (1)

becomes
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+ APpwEe 7t - (¢w)nw-

n

0= (2 ATt pE) (4)

1 -1 ®
n,E ¢ T)dwexp( L=

-m

(and similarly with ¢w replaced by ¥Q). If one restricts tn,E
to the fundamental hierarchy (nZé) then the group valued
solution becomes

w = ¢mexp(-z:=0xntn’EE) (5)
This is (essentially) the "wave function" of the Kyoto group.
‘In their formalism, one solves the dynamical system by
relating w to the "t function". Here, one notes that there are
actually two expressions for the '"wave function" (the other
has ¢w replaced by vQ), which differ by a factor which is a
polynomial in A with constant coefficients. The dynamical
solution might be obtainable if it is possible to "match"
these two expressions (infinite polynomials). This could
connect with the Riemann-Hilbert approach to integrable
systems [2].

The ¢ function is usually regarded as a determinant on an
infinite dimensional Grassmanian, and this interpretation has
recently aroused interest within the context of string theory
[3]. It may seem a pure coincidence that the mathematics of
integrable systems (Kac-Moody algebras and their groups)
should play a role there; on the other hand, integrable
systems provide an extremal class (totally ordered, as opposed
to totally disordered sytems), and one might expect Nature (or
physicists) to favour one or other extremum at the fundamental
level. However, the Grassmanian approach does not seem to
offer any new insight into the physical principle (e.g.

symmetry) which might underlie string theory. It is
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interesting that the present formalism is expressed in terms
of current algebras (which provided the original approach to
string theory), and uses the concept of "internal symmetry",
which is of such importance in contemporary pﬂysics. If any
deeper physical significance is to be attached to the
dynamical realizations of Kac-Moody algebras, then two
important problems should be considered. First, one should
clarify the precise definition of "totally ordered" systems.
It has been seen that the definitions of complete
integrability become ambiguous in the infinite dimensional
(field theory) case; given infinitely many conserved
quantities it is not always clear whether one really has
"enough". The systems which have been considered here seem to
be worthy of the description "totally ordered", but there may
be other equally worthy sytems which do not arise as
realizations of Kac-Moody algebras. A precise definition of
the concept of integrability applicable to field theories may
prove to be equivalent to some kind of symmetry principle,
which may be of relevance in fundamental physics. (The '"gauge
principle" of physics was already generalized in Chapter 4,
where the directions of the original "space'" were
non-commuting). The second problem is to extend the formalism
to quantum systems. This could probably be carried out in the
manner of BRS quantization [4], which again is of importance
in current approaches to string theory.

One could synthesize the two questions into the single
problem of finding an appropriate way to discuss
"integrability" for quantum field theories. These matters are

the subject of current investigation.
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